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In functional data-parallel programs, index array computations are separated into sequences of bulk-parallel
operators—map, prefix sum, scatter—and used to gather or scatter data array elements, thus determining data
array properties. This programming style is problematic for general-purpose verification frameworks (e.g.,
Dafny, F*, Liquid Haskell), which are flexible and powerful, but require verbose annotations and non-trivial user
proofs, making them inaccessible to non-experts. We present a compiler approach to verifying array properties
with high automation, aimed at making verification of data-parallel programs more accessible to users without
verification expertise. We support a small but powerful predefined set of properties—equivalence, range,
injectivity, bijectivity, monotonicity, filtering, partitioning—that enable the compiler to (automatically) reason
at a higher level of abstraction. We evaluate our approach on challenging applications with non-linear indexing,
including graph algorithms, Cooley-Tukey FFT, filtering, multi-way partitioning, and flattened irregular nested
parallel programs that are difficult to verify, such as batch operations on arrays of different sizes.
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1 Introduction

High-performance array languages (e.g., Futhark [33], Accelerate [69], Lift [26], DaCe [5], JAX [10])
and machine learning frameworks (e.g., TensorFlow [1], MLX [29], PyTorch [51]) express parallel
algorithms by composing bulk-parallel operators such as map, scan (prefix sum), scatter (irregular
write), and gather (irregular read). Unlike loops in imperative programming or folds in functional
programming, where computation is typically manually fused, these operators stay separate.
General-purpose verification frameworks like Dafny [36], F* [65], and Liquid Haskell [54, 72]
can encode data-parallel programs but lack native support and specialization for bulk-parallel
operators. Proving even simple array properties often requires verbose annotations and manual
inductive proofs, if the proof is possible at all. Scatter is the most challenging construct. For example,
partitioning arrays is implemented by scattering array elements to computed target positions, or by
using scatter to compute reordering indices then gathering elements using those indices. Proving
this produces a valid partition requires recognizing that the scatter indices—which map each index
i to its target position—form a permutation (i.e., the inverse of the final arrangement), and in the
gather case, that gather inverts this index mapping. Users of general-purpose verifiers must encode
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this relationship manually, breaking automation—and even having done so, frameworks like Dafny
may still fail to verify it (see Section 2.1.3). Likewise, verifying a two-way partition requires auxiliary
lemmas and proof hints specific to the code (Section 2.1.1). And small implementation changes may
require fundamentally different proof strategies, further undermining automation (Section 2.1.2).
To address these shortcomings, this paper presents PRoPPRoP—a compiler-based system that
automatically verifies data-parallel programs written as purely functional array computations over
bulk-parallel operators. PRopProP (P? for short), implemented in the Futhark compiler, allows users
to annotate functions with pre- and postconditions using a small but powerful set of predefined
properties: equivalence, range, injectivity, bijectivity, monotonicity, and filtering/partitioning. P? is
not a general-purpose theorem prover; it is a deterministic static-analysis algorithm designed for
the common case in data-parallel programming at reasonable compilation time, by leveraging the
semantics of bulk-parallel operators to enable highly automated verification for the target array
properties. It is not intended to be complete nor to support arbitrary properties and user proofs.
The key idea is to infer index functions from integer arrays in the source program. Index func-
tions are functions from indices to the elements at those indices—defined piecewise by guarded
expressions built from a carefully chosen algebra of primitives, including sums (of array slices) and
inverses of bijective index functions (which enable reasoning about permutations). Translating
bulk-parallel computations into index functions reduces verification to reasoning about inequalities
using a set of high-level rewrite rules, which is easier to automate than an inductive approach.
This approach scales to challenging scenarios without extra proof machinery. For example, P?
can reason about jagged arrays (arrays of variable-length rows)—represented as flat arrays for data
along with independent auxiliary arrays that encode the irregular shape, which are computed as part
of the program (Section 3.4). P? also reasons about nested parallel operations over irregular rows
that have been manually flattened into regular bulk-parallel operations (e.g., segmented scan [6]).
P? works by translating source functions into index functions and then verifies and infers
properties about them. It consists of three architectural components: (1) The index function layer
infers the values and structure of arrays as index functions (Sections 3.1, 3.4 and 4.3). (2) The property
layer tracks and proves properties over the index functions (Sections 3.2, 4.1 and 4.4). (3) The algebra
layer (Sections 3.3 and 4.5) reasons about and dispatches algebraic queries (generated by the property
layer) using a Fourier-Motzkin elimination-based [23] solver that supports sums of array slices,
array indexing and mutually exclusive guards via rewrite rules applied at each elimination step.
The components are deeply interconnected (Section 4.2) and arguably support the minimal
property set required in a data-parallel setting—e.g., the index function layer exploits injectivity, bi-
jectivity and monotonicity properties to produce meaningful index functions for scatter that enable
the derivation of filter/partition properties and flat expression of jagged arrays. The Sparse Polyhe-
dral Framework (SPF) [62, 64] crucially depends on almost the same set of properties [41] (which
are manually annotated and expensive to verify dynamically) to extend dependence analysis to
challenging non-affine cases, in a principled and sound way that minimizes runtime overheads [42].
Our approach is complementary to other work that studies properties that we do not support,
such as sortedness [19, 21, 61] or verification of sequentially-constructed arrays [8, 66, 70], e.g., by
means of concurrent separation logic [12]. We make the following contributions:

(1) Static verification of a key property set on irregular index arrays in data-parallel programs.
(2) An end-to-end system that infers arrays’ content as index functions and supports cheap
derivation of properties at a high level and inequality solving using sums of array slices.

(3) An evaluation of challenging benchmarks, including graph algorithms and implementations

that flatten nested parallelism, that verifies all indexing, scatters, and annotated properties.
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Variables x, y,z Function variables F Constants n € Z
t u=[]r]i64 | f64 | bool | ... Types
< u=<|<|>]2 Linear orders
Opu==<|+|—-|=*|=|#A]|V Binary operators
B :=n|x||x||2°|B Op B | Xarray[Bindex ] Base expressions
E™ =:=B | Sum x[E™ : E™] Property expressions

7w :=Range x E”..E™ | Mono x < | Equiv x E” | Inj x E™..E™ | Bij x E™..E™ E™..E™ | Filt x x (Ax.E™) Properties
| Part x x (Ax. E™) | InvFiltPart x E™..E™ (Ax.E™) (Ax.ET™) | FiltPart x x (Ax.E™) (Ax.E7) | For (i : E*..E™) &

E® :=B | B..B| Fx | if B then E else E Base expression, Sequence, Function application, Conditional
| map (Ax" . E) m(") | scan (A% 5™ . E) E(n> xarray(n) | scatter xg Xigy Xval SOACs
| loop *™ =557 while x,, do F "™ | loop ™ =357 for xp4y < B do Fx™+V Loops

E u=x|letx=E° in E Expressions

Prog:=€e|def F(x:7|m): (r | Ax.w) =E Prog Programs/Function definitions

Fig. 1. Source language syntax. )_((n) denotes a sequence Xj, . . ., X,; we write X if the length is not needed.

2 Source Language and Motivation

P? analyzes array programs expressed in a purely functional language using second-order ar-
ray combinators (SOACs) [33] map, scan, and scatter. SOACs are bulk-parallel array operations
parameterized by user-defined functions: they express the first-order primitives found in most
array languages such as vectorized operations (using map), reductions and cumulative sums (using
scan), scatters, and gathers (map (Ai. xs[i]) idx). The types and semantics of map and scan are:

map : (@ - f) = [la = [Ip scan : (a D a—a) o a—[la > [la
map f [x1,....xn] = [f x1,...,f xn] scan O e [x1,...,%n] = [¥1, %1 O X2, ..., X1 O ... O Xp]
where []a is an array of elements of type @ and © is an associative binary operator (function) with
neutral element e, (e.g., 0 is the neutral element for +).! For convenience, we overload map to be
variadic. For example, map (Ax y.x + y) [x1, ..., %] [y -- s ¥n]l = [%1 + Y1, - -, X + yn].
The most complex array operator is scatter, which has the type and semantics:

scatter : [Ja — []i64 — [Ja — [Ja 2[i] = x[j] if 3j € [0,|x]) . idx[j] =i
z = scatter y idx x B yli] otherwise

(1)

The result z of scatter is a copy of y updated in place at indices idx with the corresponding
values from x, but ignoring updates to indices that are out of bounds in z.2 Scatter requires index
and value arrays of equal lengths |idx| = |x|. Since scatter performs all the writes at once, its
semantics requires that duplicate in-bounds indices must correspond to idempotent (equal) values,
ie,Vj ke [0,]|x]).0 < idx[j] = idx[k] < |y| = x[j] = x[k]. This not only enables deterministic
execution, but also eliminates the need for locking when the element type is a tuple and it enables
an array-of-structures to structure-of-arrays transformation. Futhark adheres to this semantics and
Pencil [4] similarly relaxes dependence analysis to permit idempotent updates in parallel loops.

Source Language. The source language syntax is shown in Fig. 1. Functions are in A-normal [56]
structure-of-arrays form, where bodies consist of a list of non-nested let-expressions followed by
one or more result variables. We also require that all variable names are unique. The function
parameter (x : T | e ) says that x has type 7 and is subject to precondition 7y, which is assumed

IThis is the standard type and semantics of inclusive scan. The neutral element e is used only by the compiler for padding.
’Disallowing out-of-bounds indices would require explicit filtering of the index-value pairs, which requires additional
memory accesses and is expensive in practice. The implementation of filter directly exploits this feature to discard values.
3In practice, common cases are either that the in-bounds indices of idx are unique or that all values of x are equal.
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def partition (p : f64 — bool) (xs : []f64)

]
2 : []f64 | Ays.Part ys xs (Ai.p xs[i]) = Example program state

3 let mask = map (Ax.px) xs >>> let xs = [1,4,2,4,3]

4 let left = map (Ac.if ¢ then 1 else 0) mask >>> partition (Ax.x ==4) xs

5 let right = map (Ax.1-x) left mask = [false, true,false, true,false]
6 let n_left = scan (Ax y.x+y) 0 left i?fﬁt_:[%i 1é 01’ 1é 0%]

7 let n_right = scan (Ax y.x+vy) 0 right n %eft - [é 1.1 2 2]

8 let split = if |xs| > 0 then n_left[|xs| — 1] else 0 n_right = [1” 1” é, é’ 3]

9 let idx = map (Aclr.if c then [ -1 else split +r—1) gplit = 2

10 mask n_left n_right idx = [2, 0, 3, 1, 4]

1 let zeros = map (Ax.0) xs zeros = [0, 0, 0, 0, Q]

12 let ys = scatter zeros idx xs in ys ys = [4, 4, 1, 2, 3]

Fig. 2. A source program implementing partition using SOACs.

when analyzing the function’s body and is checked at call sites. The return type 7 | Ay. 7o says
that the function return has type 7 and satisfies the postcondition 7,es;, which must be proved
by P2. The pre- and postconditions specify (conjunctions of) the supported set of properties ().
We write |x| to denote the size of x’s first dimension and we treat scalars as unit-length arrays.
The source language does not permit irregular (jagged) arrays or anonymous functions (except in
SOAGCs). We further disallow: properties on arguments of function type, passing functions with
pre- and postconditions as arguments, and partial application.

Motivating Example. Most data-parallel array programs chain array operations over the inputs and
intermediate variables, with gathers and scatters introducing indirect indexing. The program in
Fig. 2 partitions an array xs according to a predicate p, placing elements that satisfy p before those
that do not, while preserving the original element order within each group. Each computational step
is a separate array operation: the target indices for elements satisfying the predicate are computed
by mapping p over xs (line 3), converting booleans to integers (line 4), computing prefix sums via
scan (line 6), and subtracting one (line 9). Failing elements are handled similarly using the negated
predicate (line 5), with indices offset by split—the count of successful elements (line 8). Finally,
scatter reorders the data array all at once. Fig. 2 (right) shows an example program state.

In data-parallel programs, scatters and gathers may propagate properties on index arrays to ar-
rays of any type (e.g., data arrays). For example, idx is a permutation of xs” indices (0, . . ., |xs| — 1). By
proving and propagating this information, a compiler can reason that the output array ysis a permu-
tation of xs and use this for verification and optimization (e.g., zeros does not need to be initialized
since all of its elements are overwritten). In this case, the postcondition Ays. Part ys xs (Ai. p xs[i])
further requires that the permutation must form a partition (Part) of xs according to p.

2.1 Challenges of Verifying Partition in Dafny

This section is a case study illustrating the challenges of verifying partition in Dafny [36]—an
industrial-strength verification framework (e.g., used at AWS [16]) with good support for reasoning
about data-dependent array accesses. We built a library of SOACs in Dafny, e.g., map is defined as:

function map<T1,T2>(f: T1 -> T2, xs: seq<T1>) : (ys: seq<T2>)
ensures (|xs| == |ys|) & (forall i :: @ <= i < |xs| ==> ys[i] == f(xs[il))
{ seq(|xs|, i requires @ <= i < |xs| => f(xs[il])) }

2.1.1  Verifying Properties of Scatter Indices. Figure 3a shows Dafny code for partition_inds, which
constitutes the primary verification burden for partition. Dafny is able to verify the postconditions
on idx (lines 3-8), but only with two manual user-defined lemmas (lines 19-21). Figure 3b shows an
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1 method partition_inds(p: int —> bool, xs: seq<int>) lemma ComplementarySums( xs:seq<int>,
2 returns (split: int, idx: seq<int>) sum_xs: seq<int>, ys: seq<int>, sum_ys: seq<int> )
3/ ensures [xs| == |idx| && (...) // sum_xs is a sum over xs.
4  / ensures foralli, j: 0<=1i<j<|xs| ==> requires (Jxs|==|sum_xs|) && (0 < |xs| ==> sum_xs[0] == xs[0])
5 (p(xs[i]) && p(xs[j]) ==> idx[i] < idx[j]) requires forall i: 1<=i<[xs| ==> sum_xs[i]==xs[i]+sum_xs[i-1]
6 && ('p(xs[i]) && !p(xs[j]) ==> idx[i] < idx[j]) // sum_ys is a sum over ys.
7 && (p(xs[i]) && !p(xs[j]) ==> idx[i] < idx[j]) requires (Jys|==|sum_ys|) && (0 < |ys| ==> sum_ys[0] == ys[0])
8 && (Ip(xs[i]) && p(xs[j]) ==> idx[i] > idx[j]) requires forall i:: 1<=i<|ys|==> sum_ys[i]==ys[i]+sum_ys[i-1]
9 { var mask := map(x => p(x), xs); // xs and ys are complementary booleans.
10 var left := map(c => if ¢ then 1 else 0, mask); requires |xs| == |ys|
11 var right := map(b => 1 - b, left); requires forall i :: 0 <=1 < [xs| ==> 0 <= xs[i] <=1
12 var n_left := scan((x,y) => x + v, 0, left); requires forall i :: 0 <=i < |ys| ==> ys[i] == 1 - xs[i]
13 var n_right := scan((x,y) => x +y, 0, right); v ensures forall i :: 0<=i<|xs| ==> sum_xs[i]+sum_ys[i] == i+1
14 split := if [xs| > 0 then n_left[|xs|-1] else 0; {if xs == [] { assert ys == []; }
15 var indsF := map(t => t + split, n_right); else if |xs| == 1 { assert sum_xs[0] + sum_ys[0] == 1;}
16 idx := map3((c,L,r) => if ¢ then 1-1 else r-1, else {
17 mask, n_left, indsF); ComplementarySums(xs[..|xs|-1], sum_xs][..|xs|-1],
18 //Lemmas needed to prove postconditions. ys[..]xs|-1], sum_ys[..]xs|-1]);
19 SumOverPositivelsMonotonic(left, n_left); assert (sum_xs[|xs|-1] + sum_ys[|xs|-1]
20 SumOverPositivelsMonotonic(right, n_right); == 1+ sum_xs[|xs|-2] + sum_ys[[xs|-2]);
21 ComplementarySums(left,n_left,right,n_right); } 1
(a) Dafny source code for partition_inds. (b) Manual lemma needed in partition_inds.
1 method scatter<T>(y: seq<T>, idx: seq<int>, x: seq<T>) method partition(p: int —> bool, xs: seq<int>) 1
2 returns (z: seq<T>) returns (ys: seq<int>) { 2
3 requires (|idx| == |x|) && (injective(idx) || replicated(x)) var split, idx := partition_inds(p, xs); 3
4 / ensures |y| == |z| var dest := seq(|xs|, i requires 0<i<|xs| => 0); 4
5 / ensures forall k :: 0<k<[idx| && 0 < idx[Kk] < |z| ==> z[idx[k]] == x[k] var iota := seq(|xs|, i requires 0<i<|xs| => i); 5
6  ensures foralli: 0 <i<|z|==> var o := scatter (dest, idx, iota); 6
7 ((z[i] == y[i]) || (exists k :: 0 < k < [idx| && idx[k] == i && z[i] == x[k])) ys := seq(|xs|, i requires 0<i<|xs| => xs[o[i]]); 7
8 {..} 8
9 x assert (foralli: 0 <i< |xs| ==>idx[o[i]] ==1); 9
10 method partition(p: int->bool, xs: seq<int>) returns (ys: seq<int>) { assume (foralli: 0 <i< [xs| ==>idx[o[i]] ==1i); 10
11 var split, idx := partition_inds(p, xs); // These fail without the assumption above. 11
12 var dest := seq(|xs|, i requires 0 <=1 < [xs| => 0); v assert (foralli:: 0 < i < split ==> p(ys[i])); 12
13 ys:= scatter(dest, idx, xs); v assert (forall i :: split < i < |xs| ==> Ip(ys[i])); 13
14 x assert (forall i :: 0 < i< split ==> p(ys[i])); } 14
15 x assert (forall i :: split < i < |xs| ==> Ip(ys[i]));
16 }

(d) Zooming in to identify the core verifi-
(c) Dafny source code for scatter and partition. cation challenge: the inverse property.

Fig. 3. Dafny source code demonstrating challenges of verifying partition. Lines marked with x and / fail
and succeed, respectively. Succeeding lines that come after assume would fail without that assumption.

inductive proof for one lemma. Although Dafny verifies the postcondition, this experiment demon-
strates that it requires non-trivial manual effort—in particular, coming up with the needed lemmas.

2.1.2  Small Alterations Require New Proof Strategies. Dafny’s verification process is brittle on
SOAC-based programs—small changes to the implementation may require an entirely new proof
strategy. We illustrate this with two simple examples.
First, if partition_inds is rewritten to compute the scattered indices of failing elements using
a reverse prefix sum, verifying the index properties requires proving a query of the form:
0<j<i<|xs| A mask[j]=0 A mask[i] =1= j+ z};‘j}j mask[k] > Y1} mask[k]  (2)
This is challenging to solve because the quantified variables j and i define the lower and upper
bounds of their respective sums. In fact—even when using a lemma over a recursive definition of
sum in which the bounds are passed as arguments—we were unable to prove this query in Dafny.
A second example that implements an exclusive prefix sum: sum®*® [ay,...,a,] = [0, a1, a1 +
as, ..., a1 + ...+ ay_1] by composing a map (to shift elements) and an inclusive scan reveals a
related limitation. Dafny can prove that the output is a prefix sum over the shifted array, but we
were unable to prove that it is a prefix sum over the original array. (More details are in Appendix C.)
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2.1.3  Scatter is Challenging in Dafny. Figure 3c shows the pre- and postconditions of our scatter
implementation in Dafny, ensuring the semantics given in Eq. (1). Figure 3c also shows partition as
presented in Fig. 2: scatter is applied to the indices idx resulting from the successfully verified call
to partition_inds (line 11). However, the verified properties of scatter and idx are not transferable to
the result array ys; e.g., Dafny fails to prove that the indices smaller than the split point correspond
to elements that succeed under the predicate (line 14) and the others to the ones that fail (line 15).
To assist Dafny’s reasoning, we can make the permutation explicit by altering the implementation
of partition (Fig. 3d) to scatter [0, ..., |xs| — 1] at positions idx to produce o = idx~' and then gather
xs using o. Dafny verifies the postconditions (lines 12, 13) given a manual assumption that o is idx’s
inverse (line 10), but fails to verify this assumption. Even when guided by assertions establishing that
0 < i < |xs| = o[idx[i]] == i, which should allow Dafny to infer that ¢’s elements are unique, it
can’t verify this assumption. (Dafny is able to show that 0 < i < j < |xs| = o[idx[i]] # o[idx[j]],
but can’t show 0 < i < j < |xs| = o[i] # o[j].) Not all scatters can be rewritten like this:
out-of-bounds indices are ignored, so the indices do not necessarily form a permutation.

3 Overview

The key idea behind P? is to transform array programs into a representation where properties
become algebraic (in)equalities over index functions—functions that map the indices of an array to
its values. As we’ll see in this section, this index-centric transformation enables automatic reasoning
about scatter-gather patterns that require manual proof writing in general-purpose tools.

We present P? as a transformation # from type-checked source programs to index functions
and properties over these index functions: £ : source program — index functions X properties.
P? translates each function definition (def) to an index function to verify and infer properties
over it. At call sites, P? reuses inferred index functions, checks preconditions, and propagates
postconditions into the caller’s context. If a specified property fails to verify, P? terminates in error.

Inj x Y (is x injective?) Lower Inj x Y
=

Verify and infer properties
(T,Injx Y) — (I’, Answer)

Solve inequalities over polynomials
(T,i < j,Query(x(i) # x(j))) — Answer

Drive algorithm and infer index functions
(T,def F x) — (I, f) or Error

index function layer “—— property layer “—=” algebra layer
I, Yes/Unknown Yes/Unknown

The above figure shows P?’s three constituent components: the index function layer, the property
layer, and the algebra layer, and how these interact to verify the partition program. The index
function layer translates programs to index functions via inference rules, applying them by querying
the property layer to verify rule premises. The property layer records and proves properties using
a two-level strategy: a higher level infers new properties from proven ones; a lower level proves
new properties by reducing them to equivalent algebraic (in)equalities, which are dispatched to the
algebra layer. The algebra layer normalizes algebraic expressions and solves (in)equalities using a
Fourier-Motzkin elimination-based solver. In the following sections, we’ll walk through how each
of P?’s components works and interacts to verify the partition program (see Figs. 2 and 4).

3.1 Index Function Layer

The index function layer translates each function definition (def) by first populating P?’s environ-
ment with argument information. Preconditions on formal arguments are assumed and entered
into the property environment (partition has no preconditions). The boolean values false and
true are syntactic sugar for 0 and 1, respectively. Scalars are treated as unit-length arrays. The
postcondition, Ays. Part ys xs (Ai. p xs[i]), is treated after the body has been analyzed. Function
bodies are translated one let-binding at a time into index functions. Since bodies are A-normal,
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P (def partition (p : f64 — bool) (xs: []f64) = ...) Notation: n = |xs|.

mask = A (i:0..n) . [true] = p(xs(i)) P (let n_right = scan (Ax y.x + y) 0 right)

left =A (i:0..n) . [true] = p(xs(i)) ) [i=0] * right(i)

right = A (i : 0..n) . [true ] * (1 — p(xs(i))) 1.4(:0.n). {[i¢0] + (O + right(i))

- 2. A(i:0..n) . [true] = (right(0) + ij-ﬂ(right(i)))
[n_right =A(i:0.n). [true] = (i+1- Ej'-:o(p(xs(i))))} 3. A(i:0.n) . [true] %, (right(i))

. 4. 2(i:0..n) . [true] = >'_ ([ true] = (1 — p(xs(i

idx =2 (i:0.n) . {lp(xs(i).)] * z};é(z\)gfl(m) . 5.1 Ei : 0..n; . [true]/\trtlé:_]oi[ijozl —(p(xfs)((i))()))))

e (50 [[;fl)e(]cs*(z)))] # (14 2550 (p(xs()))) 6. A(i:0.n) . [true] * (Z;’_:O(l) - ijo(p(xs(i))))

7.A(i:0.n) . [true ] = (i+1 - 25 (p(xs(i))))

ys=A(i:0.n). [true] * xs(idx~1(i))

Fig. 4. P? transforms programs to index functions, enabling algebraic reasoning about properties.

each let-binding applies a SOAC or other source construct to earlier bindings. For example, P? first
translates let n_right = scan (Ax y.x + y) 0 right into an index function (right of Fig. 4):

n_right = A (i:0..|xs|]) . [i =0] = right(i) + [i # 0] = (O + right(i))

The index function, denoted by a lambda abstraction, consists of a domain (i : 0..|xs|), which says
that indices i range from 0 to |xs| — 1 and a guarded expression that defines the value at each index.
The guards must partition the domain; for any index in the domain, exactly one guard is true. Here,
the guarded expression has two guards [i = 0] and [ i # 0] with corresponding expressions right(i)
and O + right(i) that define the value at index i when their guard holds. (The notation is inspired by
[37].) The O symbol represents the result of scan at the previous index; term rewriting eliminates
O in favor of a sum-based formula. In general, conditionals are lifted into guards—producing
mutually exclusive and collectively exhaustive predicates over the index function domain.

Formal arguments like xs and p are treated as uninterpreted functions, which exhibit function
congruence and may be the subject of properties in the environment. Variables are overloaded: xs
is used to refer both to the source-level array as well as the corresponding index function that P?
reasons with. For example, xs(i) is an application of the function xs to the index i, while xs[i] is
source-level expression that indexes into the array xs.

Normalization. Expressions are normalized via rewrite rules. For example, the rewrites for n_right
in Fig. 4 are: (1) introduces a recurrence O based on scan’s semantics (SCAN); (2) converts the
recurrence to a closed-form sum (REcSum); (3) absorbs the base term into the sum; (4) substitutes
right (i) with its guarded expression (SuB); (5) hoists the nested guard [ true | to the outer expression
(HoisT); (6) splits the resulting sum; and (7) eliminates any constant sums. Substituting and hoisting
guarded expressions enables P? to automatically track positional dependencies backward to function
arguments. For example, idx’s index function (Fig. 4) says if p(xs(i)) is true, index i maps to the
count of preceding true elements; if false, it maps to i plus the count of subsequent true elements.

Translating Scatter. Scatters are only translatable when they are deterministic; since there are
different ways of satisfying this condition, there are multiple translation rules. For example, at
line 12 in Fig. 2 (let ys = scatter zeros idx xs), the indices idx used to update the destination array
zeros are a permutation of zeros’ indices. Semantically, ys[idx[i]] = xs[i] for each index i and
|xs| = |zeros| = |idx|. The index function layer exploits idx’s invertibility to produce ys’ index
function in Fig. 4 which is bound to the partition function in the environment—ready for verification
against its postcondition. The following rule formalizes this by verifying an equivalent property,
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Bij idx 0..|xs| 0..|xs|, which states that idx bijectively maps to 0..|xs| when restricted to valid

destination indices (idx|l, (0. xs)) is bijective). This restriction captures scatter’s semantics, which

ignores out-of-bounds values in the source array. P? verifies this via the property layer (—prop).

SCATTER2
'+ Bij xjax 0..|xgst| 0. xast| —Prop (I, Yes) [ F Query (|xigx| = [xvall) ~q Yes fresh i

T + scatter Xgg Xigx Xvar — (I', A (i : 0..]xgge]) . [true | # xpq (x5 (i)

3.2 Property Layer

The property layer proves properties needed by the index function layer and verifies pre- and
postconditions. It operates at two levels: proving properties using high-level reasoning (e.g., partition
preserves range) and decomposing properties into low-level algebraic queries for the algebra layer.

Low-Level Algebraic Reasoning. To prove the Bij idx 0..|xs| 0..|xs| property required above, the
property layer decomposes it into its proof obligation (i.e., its definition) and dispatches this to the
algebra layer: injectivity (Vi, j € 0..|xs| . i < j = idx(i) # idx(j)) and surjectivity (Vi € 0..|xs| . 0 <
idx(i) < |xs|). These are discharged by our algebraic solver (introduced in the next section), after
which the bijection property is recorded into the environment.

After traversing the body and populating its environment with inferred facts, P? verifies the post-
condition under the constructed context. The P? rule for verifying the Ays. Part ys xs (Ai. p xs[i])
postcondition of partition has two steps. First, P? checks that ys’ index function has form A (i :
0..n) . [true ] * xs(z71(i)) for some index array z; here z = idx. Second, it proves the partition prop-
erty by establishing the corresponding inverse-partition property on idx (shown in Fig. 7) via queries

Bij idx 0..|xs| 0..|xs| (bijective)
Vi, j € 0..|xs| . ((p(xs(i)) V =p(xs(i)))
A (i < jAp(xs(i)) A p(xs(f)) = idx(i) < idx(j))
A (i< jAp(xs(i)) A=p(xs(j)) = idx(i) < idx(j)) (partition)
A (i< jA=p(xs(i)) A=p(xs(f)) = idx(i) < idx(j))
A (i < jA=p(xs(i)) A p(xs(f)) = idx(i) > idx(j)))

The property layer proves each formula by querying the environment: (bijective) follows immedi-
ately from the environment, while (partition) is dispatched to the algebraic solver.

High-Level Property Reasoning. A key component of P?’s property reasoning is property propagation.
Properties about range, injectivity, bijectivity, and filtering are all preserved under permutation.
Since partition has the Part property in its postcondition (which P? verified), applying it to an input
array xs (e.g., let ys = partition p xs) with any of these properties automatically propagates them to
ys for further exploitation. Property propagation enables inference over uninterpreted functions by
propagating index array properties to data arrays (e.g., in the above example, ys’ index function
may be uninterpreted) and reduces the annotation burden in general.

P? can extend compilers with advanced property-based reasoning, such as reasoning about
partitions across conditionals (Appendix B.4.2) and verifying properties of uninterpreted expressions
without direct propagation. We illustrate the latter using get_smallest_edges from the PBBS maximal
matching algorithm [2]. This function filters an array edges based on arrays H and edgelds:

let cs = map (Ai. H[edges[i]] = edgelds|[i]) 0..|edges| in let edges’ = filter cs edges in edges’
Given the precondition that edgelds is injective (Inj edgelds (—0)..00), our goal is to prove the

filtered output edges’ is also injective (postcondition Inj edges’ (—c0)..00). Similar to partition

Proc. ACM Program. Lang., Vol. 10, No. PLDI, Article 226. Publication date: June 2026.



Verifying Array Properties in Pure Data-Parallel Programs 226:9

(Fig. 2), filter’s result is converted to an uninterpreted index function but has the postcondition
Filt edges’ edges (Ai. H(edges(i)) = edgelds(i)). Because this restricts edges’ to elements satisfying
H[edges[i]] = edgelds[i], P? can verify injectivity for edges’ by instead proving it over the satisfying
elements of edges. This yields the augmented query:

Vi, j € 0..|edges| . H(edges(i)) = edgelds(i) A\H(edges(j)) = edgelds(j)Aedges(i) = edges(j) = i=j
Enriching this query with transitive equalities derived from edges(i) = edges(j), yields H(edges(i)) =
H(edges(j)) and, crucially, edgelds(i) = edgelds(j). By the injectivity of edgelds, edgelds(i) =
edgelds(j) implies i = j, completing the proof for edges’. The property layer implements this rea-
soning, using it to verify the maximal matching program in Section 5. (Detailed in Appendix D.3.)

3.3 Algebra Layer

P2’s algebra layer extends Fourier-Motzkin elimination [23, 75] with reasoning about sums, indexing
and mutually exclusive boolean variables. Zooming in on the (partition) query above, P? substitutes
applications of idx for its guarded expressions in Fig. 4, conjoining guards with the antecedent of
the query. For example, for the last conjunct of the (partition) query, the system rewrites

(i <jA=p(xs(i) A p(xs(f)) = idx(i) > idx(j))
by substituting idx for the guarded expressions in Fig. 4 (highlighted in green).
i < A =p(as(D) Ap(xs(i) A ~p(as(D) A p(as(]) = i+ D5 (p(as(k) > 2 (p(as(k)
This corresponds to Eq. (2)—the failing query in Section 2.1.2. To check this query, P? exploits
its environment of properties, which are converted into ranges and equivalences to make them

amenable to Fourier-Motzkin elimination. Performing this translation for the properties that are
relevant to the third conjunct yields the following algebraic environment:

Ranges Equivalences Inequality to solve

0<i<j<|xs xs(i)) =0 . xs|— i

Voo coimin <1 b e st > S ps) ©)
Standard Fourier-Motzkin elimination fails to verify the inequality, yielding i + 0 > j when
minimizing the LHS and maximizing the RHS under the ranges. Notice that the LHS term i is an
upper bound for ;C_:}) (p(xs(k))), which overlaps with the RHS sum {c;é (p(xs(k))). Hence, the
LHS is an upper bound on those terms on the RHS and also includes p(xs(j)) = 1 since i < j.
The standard method cannot reason about overlapping sums nor exploit the equivalences in the
environment because neither of the sums include the terms p(xs(i)) or p(xs(j)). P? uses a three-step
tactic to eliminate overlap between sums and facilitate the use of equivalences and ranges:

Step 1 Extend sums to include terms with known equivalences.
Step 2 Simplify sums (e.g., eliminate overlap between terms of different signs and absorb terms).
Step 3 Split sums to separate out terms with known equivalences or more specialized ranges.

Steps 1-2 simplify Eq. (3) to i + 1 + }jj‘j‘ﬁr L (p(xs(k)) = 315 1 (p(xs(k))) > 0. Step 3 does

nothing here, but the result is now solvable by Fourier-Motzkin: j +1+0—-j >0 &= 1> 0.

3.4 Segmented Parallel Operations

High-performance array languages typically only support regular arrays due to hardware map-
ping constraints; therefore jagged arrays must be represented as flat data arrays with auxiliary
arrays encoding shape. For example, the shape (s) and flag auxiliary arrays for the jagged array
[, 220, [ (35 x4 X351, [x6, X7, x3]] are [2,0,3,3] and [1,0,3,0,0,4,0,0], where each non-zero ele-
ment of the latter denotes the start of a row (thereby encoding the shape). Flag arrays are used
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def flags (s :i64[] | Range s 0..00) A (i1 0.]s| X iz 1 0..s(ih)) .

(x + [1i64 | Equiv 5] [ . ,
x: L1654 | ESSEIERED {[L}LOI(S(J'))+iz=0Vf(L}‘_01(S(j))+iz)]*y(---)

: []i64 | Af.Equiv |[f]| (sums) = = p
let Srotated = Map (/11 .. ) (Olsl) ILJ}:O (s(])) +iz #0A _‘f(‘ljlzo (S(])) + iZ) J * (O +y(” ))

let Sgum = scan (Ax y. x + y) 0 Sotared i-1

Lz = 0] % y(215 () + i)
[y # 015 (O +y(...))
[i2=0]=(i1+1)

[iz #0] = (O +0)

A (i1 :0..]s] Xip:0..s(i7)) . [true] = (i; + 1)

N

A (i1 IO..lSl X ig : 0,.S(i1)) . {

let idx = map (Asizei. ...) S Sgum
letn=

i sl > 0 then sfls| 1]+ suunlls] = 1] else 0 3. A (i £ 0.[s] x i £ 0..5(11)) - {
let zeros = map (Ax.0) (0..n)

S

let f = scatter zeros idx x in f

(a) Computing the flag array. (b) Rewrites of Eq. (6) where f =y = flags.

Fig. 5. P? infers and propagates flattened irregular structure.

to lift bulk-parallel operations to irregular arrays. For example, segmented scan [6]—which scans
each jagged row—is implemented as a scan with lifted operator on the flag (f) and data arrays (y):

seg_sum f y = scan (A(f1,y1) (f2.y2). (fi + fo, if f2 > 0 then y else y; +y2)) (0,0) (zip f y) (4)

In our context, one of the challenges of verifying flattened programs is establishing the connection
between the data array and the auxiliary arrays they compute. To illustrate, Fig. 5a computes a flag
array. The inferred index function, shown below, represents irregular arrays through a 2D index
domain where the inner dimension depends on the index variable of the outer one:

flags = A (i1 : 0..|s| X iz : 0..s(i1)) . [i2 = 0] s« x(iy) + [iz # 0] 0. (5)

The syntax X denotes that the two dimensions map onto one flat dimension in the source program.
This representation also captures empty rows: when i; = 1, then 0..s(i;) = 0..0 = 0. The crucial
point is that P? is able recover the original 2D irregular structure in the index function inferred
from the flattened program. Indeed, we can see this explicitly by writing flags as an irregular nested
array: flags = map (Ai. map (Aj.if j =0 then x(i) else 0) 0..s(i)) 0..]s|.

Inferring this two-dimensional structure from flattened source programs is essential for proving
queries over index functions. Since these representations require flag arrays produced via scatter
with data-dependent writes, P? infers this structure by a rule that matches scatters whose in-bounds
indices are monotonically increasing (i.e., indices that define row offsets for non-empty rows).

Another auxiliary array is the segment ids: [1, 1,3, 3, 3, 4, 4, 4], which can be computed with a
segmented scan over the flags array. The index function inferred for seg_sum in Eq. (4) is

Ao : 0.If1) - [io =0V f(io) > 0]+ y(io) + [io # 0 A f(ip) < 0] % (O +y(io)) (6)

from which—in the case of segment ids—P? derives the index function as A (i; : 0..|s| X iy :
0..s(i1)) . [ true| = (i1 + 1) by substituting f and y with the flags array. Figure 5b shows key rewrites:
(1) propagate flags’ flat domain into Eq. (6), expressing i as row offset Z;‘;()l (s())) plus row index i,;
(2) substitute f and simplify; (3) substitute flags for y, yielding a recurrence with base cases at each
irregular row and recurrent cases replicating the previous value. Details appear in Appendix D.1.

This approach enables lifting partition over each row of a flat irregular array (Section 5.1.1).

4 Formalization
We begin the formalization by introducing common concepts.

Expressions e are polynomials over symbols s (Fig. 6). The index function and algebra layers
both use this polynomial representation, but over different symbols s. Symbol and term
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n t
Variable x,y,z,1i,j,k Te.rm ts=n|s|s-t t1+-~-+tn:th: :
Constant n,me€ Z Expression e ==t |t+e = f
- n
Fig. 6. Polynomial expression syntax parameterized by symbols s.
PrOPERTY PROOF OBLIGATION
Range x Y VieO.|x|.x(i)eY
Mono x < Vi,jeo.lx|].i<j= x(i) < x(j)
Equivx y [x] = [y] AVieo.|x|.x(i) =y(i)
InjxY Vi,j€0.|x| .x(i))eYAx(i)=x(j)=i=j
VVi,jeo.lx|.x(i)) eYAx(j) eYAi#j= x(i) #x(j)
BijxYZ InNfjxY ANZCY A |Z|={x(i) €Y |ie€0.|x|}|

InvFiltPart x Z pg (p1,....pn) BijxZZ A |Z] = 2jeo..|x\ rr(j)
AVqre{l,...,n} . Vi je0.|x|.
(g # 1= =pg(i) V —p,(i))
A (i< jAng<rApg(i) Ap-(j) App(D) Apr(j) = x(i) < x()))
A (i< jAg>rApg(i) Apr() Apr(i) App(j) = x(i) > x(j))
FiltPart y x pr (p1,...,pn) InvFiltPart z (0.. Xco x| Pr (1) P (P15 - - -5 Pn)
where y’s index function is of the form A (i : 0.. 3 ;0. 1x P£(J)) - x(z71(i))
Filt y x p FiltPart y x p (Ai. true)
Part y x p FiltPart y x (Ai.true) (p, Ai. ~p(i))

Fig. 7. Array properties and the sufficient conditions to establish them.

order in expressions are syntactically irrelevant, and expression multiplication is defined by
distribution over addition. For example: x- (y+x-(1+y)) = x-y+x-x-(1+y) = x-y+x2+x%-y.
Sums }; and case syntax { are shorthand for addition of terms (e.g., used for idx’s index
function in Fig. 4), and e; — e, is sugar for e; + (—1) - e,.

Y, Z are used to range over contiguous integer sets. For example, Y = 0..n ranges over 0 to n — 1.

x|, Is the restriction of index function x to a smaller domain Y: x|, is a new index function
identical to the original index function x except it is defined only over domain Y C dom(x).

X| o1y is the restriction of index function x to the preimage of a (smaller) codomain Y: x| _, )
is a new index function identical to the original index function x except it is defined only
over domain x~1(Y) = {i € dom(x) | x(i) € Y}.

Environments (I') map variables to index functions and properties, with subenvironments I'pes for
function definitions, I}y for index functions, Irange for ranges, and so on for each property
in Fig. 7. Unbound variables map to @. We write I', x +— f to extend Iiys, mapping x to
f, and ', Range x 0..e to extend TRange, etc. Environments are extended with predicates:
I',e; = €;,0 < i < naddsequivalences derived from e; = e; and ranges derived from 0 < i < n.

I' F Query (p) asks whether p holds under I'. Queries are lowered to a more restricted language
and solved by an adaptation of Fourier-Motzkin Elimination, yielding Yes or Unknown.

e1[x := ey] substitutes e, for x in e;.

fv(-) and bv(-) denote free and bound variables of an object, respectively.

4.1 Array Properties

P? proves properties from a small, curated set to ensure tractable reasoning. Figure 7 presents
each property and its proof obligation—a conjunction of properties and/or algebraic (in)equalities
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that must be verified to establish the property. Properties are expressed over (array) variables but
reasoned about using their corresponding index functions.

Range x Y says that the values of array x are in Y. Mono x < says that array x’s values are ordered
according to the relation <. Equiv x y says that the index functions of x and y are equivalent. Inj x Y
says that index function X1y is injective. Bij x Y Z says that index function X| -1y is bijective

and the image of x| is Z (a subset of Y). No indices are mapped into Y — Z. Bij x 0..00 0..n

iy
specifies that the indice(zs)mapping to non-negative values (Y = 0..n) form a bijection to Z = 0..n.
Since filtering and partitioning commute, they’re unified into one property. Predicates p map
indices to booleans. FiltPart y x pr (p1, ..., pn) says that y is equivalent to x with indices filtered by
pr and n + 1-way partitioned by (p, ..., pn), yielding an index function of the form x(z~'(i)) that
the proof obligation matches on. InvFiltPart x Z pr (p1,...,pn) captures scatter/gather behavior
with index array x. For arrays x, y, z, if x satisfies this property and Z = 0..|z|, scatter z x y
is equivalent to filtering y by ps and partitioning it by (p1,...,pn). P* verifies two conditions:
(1) pr holds for exactly |Z] indices in x. (2) X| -1z permutes Z such that each partition occupies a
contiguous range: indices satisfying ps Ap; map to0,..., ez (pr(i) A p1(i)) —1; indices satisfying
pr Apzmap to Yicz(pr(i) Api(D),.... Bicz(pr(D) A pi(D)) + Xiez(pr(i) A p2(i)) — 1; and so
on for each p;. If y = [0, ..., |x| — 1], gathering with the scatter result z as indices yields identical
filter/partitioning behavior. Filt y x p and Part y x p are aliases for filtering and 2-way partitioning.

4.2 Algorithm Sketch Highlighting the Interaction Between Components

The source language is in A-normal form [56]. Variable names are unique. Syntactic category E
consists of non-nested let expressions and E® of bound expressions, i.e., E == x | let x = E® in E.
Fig. 8 (on the next page) sketches a deterministic static-analysis algorithm that terminates at the
first failure to verify annotated properties or index/scatter memory safety. The algorithm targets the
common case at reasonable compilation time and is not intended to be complete. Relations ~» apply
rules, disambiguated by type, to a fixed point. Rule FUNDEF verifies a program’s function definitions
in order. It parses pre- and postconditions (— p,yse, not shown), and assumes preconditions while it
infers the index function of the body (a let expression) and tries to prove the postcondition (—prop)-
If successful, Iper is extended with the pre/postconditions and the result’s index function; if the
free variable check on f; fails, uninterpreted functions are used for its domain/guards (not shown).
Unprovable postconditions end in failure (FUNDEFFAIL) and empty programs trivially verify.

The LET rule processes bindings standardly while propagating properties (e.g., via I]) and
automatically inferring new ones via the property layer relation — . Because the source language
is in ANF, I| introduces no new index functions but may add properties on in-scope variables (e.g.,
via ApP). Bindings persist in the returned environment to verify postconditions in FUNDEF, and are
discarded only at scope boundaries (e.g., function definition, map, scan, loop, if). Inference via — e,
uses computationally cheap high-level rules—that are tried exhaustively to a fixpoint—and never
fails (INFERNOTHING). Examples include transferring function postconditions to bound variables
(ArpProPr) and preserving monotonicity and injectivity across filtering operations.

The property layer relation —p,,, verifies user annotations and rule premises. It applies matching
rules in increasing order of cost until one succeeds. For example, before trying INJNEQ, it looks up x
in Ty to see if it is already proven (over a larger codomain) and attempts cheaper high-level rules.

Finally, function calls, array indexing, scatter and loops may fail to convert (E?-Fair). Index
function inference rules are prioritized, applying only the first match. For example, filter operations
use a scatter whose in-bounds indices are both a permutation of the target domain and strictly
monotonic, matching two rules. We prioritize the permutation rule because it is highly unlikely
that the intent is to create a jagged array whose non-empty segments all consist of one element.
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I' + Prog — Verified
FunDEFFAIL

Tk TTpre —Parse Ppre

FuNDEF
r'r TTpre —Parse Ppre I+ Tpost —Parse Ppost
fresh i [, Ppre F A (i:0..|x]) . x(i) ~ fi
T, Ppre.x = fi,F Epoay ~ (I, f2)
tv(f2) € dom(Iper) U {x}
I,y fo v Ppost =prop (I, Yes)
T with Ipef (F) = ((x, Ppre), (Y, Ppost ), fo) + Prog — Verified

Trdef F(x:7 | mpre) : 2 | AY. Tpost = Epoay Prog — Verified Trdef F(x:7i | mpre) : 72 | AY. Tpost =
Epoay Prog — Error

rr TTpost —Parse Ppost
fresh i T,Ppre FA(i:0..|x]) . x(i) ~ fi
raPpre;x = fir Ebady ~ (1"’,f2)
I',y = fo k Ppost —prop (I, Unknown)

LET Toef (F) = (X, P1) - (%7 Pn), (Y, Ppost ), f)
THE? ~ (T fise oo frr) T+ Pi[x] =x] —poop (T}, Yes)
1“1’ [ (xl ----- xnsEQ) Infer rz’ r,;_l + Py [xl =X ~'$x —xn] —Prop ( n,YES)
L,x1 0 fiseonsXn = fu b E~ (UL f, 0 f) Lok flx) =x1,. .., Xl = xp] ~ f
Trletxy,..., X =E® in E— (L}, f],..., ) THFx) ... xp— (T, f)
TrB~A().e ® =x[B] OR E°=Fx; ... x, OR ...
Tixfn (x) = f I'+ Query (0 < e < [x]) ~q Yes No other rule applies
E®-FalL
T'tx— (T, f) T+ x[B] = (I,A() . x(e)) T+ E® — Error
Q ’
ArpPrOP INFERNOTHING ‘1“ k(6 E®) Dinfer T ‘
Toef (F) = (X1, P1) ... (X Pn), (¥, Ppost)s f) No other inference rule applies.
Ik (y;Fxl cee xn) Infer rstost[xi R & PRI x;; = Xn, y/ = y] Ik (y,EQ) nfer r

T (x) = A (i 0..¢1) . € TP —prop (I, 4)

fresh j I',Range i 0..j,Range j 0..e; F Query, ([x(i) € Y Ax(j) € Y] * (x(i) # x(j))) ~q Yes
T rInjxY —pp ((T,Inj x Y), Yes)

INJNEQ
Fig. 8. Algorithm sketch illustrating the components’ judgment forms, interaction and rule instances.

Index fun. f == A(D).e Symbol s == [plxe|x||x|| XS (e) | x(e) | x71(e) | p|2¢] O
Domain D := i:0..e Predicate p == x| x(e) | true | false | p|pAp|pVple<e|O
C u= 0| C+e|C-t][Clxe|lplxClICl| Xic(e) | 2ie(e) | 25ee(C)

| x(C)|x"1(C)|2C|—|C|C/\p|p/\C|CVp|pVC|CSe|eSC

Fig. 9. Index function and expression syntax. Reduction context grammar (C).

4.3 Index Function Layer

Index functions have the form A (D) . e where D is the domain and e is a guarded expression
(Fig. 9). Guarded expressions are polynomials (i.e., sums of products) defined piecewise by guards—
predicates p in Iverson brackets [ - |—that must partition the domain, though this is not enforced
syntactically (see Section 3.1 for details). Scalars are single element arrays: A () . g abbreviates
A(i:0..1) . g. We may omit writing trivial guards and coefficients: [true| ¢t =t and [p] 1 =[p].
Multiplying guards yields logical conjunction ([p; | 1-[p2]*e; = [p1 A p2 ] *e1) because a term is
non-zero only if both guards hold, resulting in an expression where each term has at most one guard.
Together with expression multiplication, this combines guards into a new partition of the domain:

([x]xy+[-x]%1)-([z]%0+[—z]*y) = [xAz]|*0+[xA~z]*+y’ +[~x Az]+2+[x A=z ]*y (7)
Comparisons are syntactic sugar: e; € 0..e; and 0 < e; < ey are both (0 < e1) A (e1 + 1 < e3).

Inference rules match to expressions and index functions via unification with bound variables [60].
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Ma T(xy) =A(i:0..e1).e I,Rangei0..e,x; = A().eaF E~ (I',A().e3) |TFE®— (I'.f)
P

T+ map (Ax1.E) x > (ILA(i:0..e1) . e3)
T(x3) =A(i:0..e1).e I,x; > A().exRange iO..e; F E; ~ (T',A() . e3)
T+ scan (Ax; x2.E1) Ez2 x5 = (I,A(i:0..e1) . [i=0]xex+ [i #0] xe3[x; :=O]))

Scan

—(n) _, —(n) =(n) _
Toet (F) = (5 Ppre) s (T Ppost ), ) Tiin(ximin) =A Q). [plx1  freshi™,z"

I,p+F X — (1"',]7(”)) Vjietl,..., n. Ppre]- unifies with Ppos,j[yl =X, Yn =]

WHILELooP
T+ loop ™ = %75 while x,, do FX™ — (T, A (i1 :0..121]) . 21 (i), A (i : 0. za) - zn(0))

O does not occur in e; nor in 3 ; ¢; fresh x

RecSum i
TrA(i:0.e;).[i=0]xe+[i#0]+«(O+3;t;) > A(i:0.e1).e[i:=0]+3%; >, (t[i=x])
Howsp TP LVupsl~ [truel V(@0 (Usf(p)) =0 T(x)=A(i:0.) .
TrHC(Ejlpjlxe) =X [pil1-(Cles)) I'k C(x(e1)) = C(es[i:=e1]))

Fig. 10. Converting the source language to index functions (selected rules). Rewrites (selected rules).

Source Language Conversion. Figure 10 shows rules for converting the source language to index
functions. The judgment T + E — (I”, f) says that, under environment T, E® has index functions
j_f and produces environment I'”. Arrays are assumed to be one-dimensional (this restriction is
lifted in Section 4.3.1). MaP and ScaN convert the corresponding SOACs by binding the lambda’s
argument to the array argument’s index function with the outer dimension dropped, extending the
environment with the now-captured index variable i’s range, and then deriving the lambda body.
For Scan, two guards are introduced for the base and recursive cases, where the accumulator is
replaced by the recurrence symbol O (demonstrated in Section 3.1). Index functions introduced by
the SOAC rules inherit the array argument’s domain, so that array shapes are propagated from the
formal arguments of a function. Untranslatable expressions are bound to uninterpreted functions,
i.e., to index functions that index a fresh name over some domain (possibly of unknown size).
Rule WHILELOOP treats while loops where loop variables xm = X1, ..., Xy are initialized with
Xz ™ and are updated to the result of the loop body for the next iteration. Our source language
restricts loop bodies to just function application—all loops can be (automatically) rewritten this
way. The rule looks up pre- and postconditions in I'ner and verifies that they unify and that the
preconditions hold on X ™. If s0 they will be inductively satisfied by the values of x™ of any
iteration. We assume that loops terminate. The loop result is uninterpreted and properties on the
loop variables can be transferred to the loop result only if they are expressible in terms of the
in-scope variables (by a rule similar to ApPPrRoP). The complete conversion rules are in Appendix B.3.

Expression rewriting. We formalize expression rewrite rules I' e — ¢’ using expression contexts.
Expression contexts C define where a subexpression occurs in an expression (shown in Fig. 9). A
context contains a single hole O, where C(e) denotes substituting the subexpression e into that
hole. For example, given C = [p; | * e; + [ p2| * x1(0O), then C{ez) is [p1 ] * €1 + [ p2 ] * x1(e2).

Context matching over binary operators is inherently nondeterministic. For example, matching
C(x(i)) against x;(i) + x2(i) yields valid contexts x;(i) + O and O + x,(i). We resolve this by
enforcing a strict lexicographical evaluation order on AST nodes: variables by name, then symbols,
terms, and expressions by order of appearance in their respective grammars. Consequently, O+ x; (i)
unambiguously matches first because x; precedes x,. We apply this canonical ordering across all
expression (C + t), term (C - t), and predicate contexts (C <'e, ...).

Figure 10 shows normalizing rewrite rules that are applied, in order of appearance, to a fixed point
after each source language conversion step. RECSUM rewrites recurrences introduced by scan into
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T F Inj Xjax 0..]xast] —prop (I, Yes) fresh x,, k, 1, iy, iy TrE?—> I.f)

’ . lxidx(il) € 0--|xds[| J *xidx(il) . {lPJ * €row
"+ A (i : 0..]x; . X ~  A(i;:0..e5,) .
(1 0-xacl) {lx,-dxm) £ 0.5l |+ x. L [
I + Query (erow[i1 := 0] =0) ~>q Yes I + Query (erowli1 := |Xiax|] = |x4st]) ~q Yes
]

=]
I',0 < j <k < |xige| + Query (0 < epow[ir := j] < erowlis == k] < [x4|) ~q Yes

[ ip#0V _‘Pl * xdst(erow + iz)

T(x) = A (i :0..es X i : 0..e3) . ex

fresh j r'r L;Z:_()l(eS[iZ =J1) ~ enw T + Query (e; = eyon[iz = e2]) ~q Yes

<
ip =0A # Xgre (1
T+ scatter xgs Xigx Xsre — (F,,/1 (i1 : 0..[Xiax | X i3 : 0..(€row[i1 == i1 + 1] = epow)) - {[ 2 P] Fore(12) )

PROPFLATTEN
THA(i:0..e1) . C{x(eigx)) = A (iz:0..e2 X i3 : 0..e3) . C{x(eiax)) i1 := €row + i3]
FLATTEN SEGRECSUM
T(x) =A(i;:0..e1,ip : 0.5, D) . e3 O does not occur in e3 nor in 3 ; ¢; fresh x

T+ flatten x — (T, A (i1 : 0..e1 X i2: 0..e2,D) .e3) T+ A(i1:0..e1 Xip:0.2) . [12=0]xe3+[i2#0] (O + X;¢5)
— A(iy: 0..eg X i : 0..e3) . e3[ig := 0] + X; 202 (#[i2 := x])

Fig. 11. Rules for the multi-dimensional flattened (segmented) case.

closed-form sums, as seen in rewrite (2) of n_right in Fig. 4. The rule requires that O appears exactly
once in the recurrence step and not in the base case ([i = 0]) or summed terms. (Note }; is distinct
from the sum symbol }'.) SuB substitutes index functions into other index functions by reduction
over indexing symbols, yielding nested guarded expressions. Multiplication of expressions and
guards naturally distributes nested guards over the outer guards, while preserving the mutually
exclusive and collectively exhaustive (MECE) property as shown in Eq. (7). Hoist moves guards that
are nested inside a symbol to the root of the surrounding expression (the context C), provided that no
guard depends on a variable bound in C. The MECE property of guards ensures the transformation’s
validity: exactly one term in the sum 3’ ; [ p; | equals 1 while all others equal 0. Together, Sus and
HoisT enable P? to track positional dependencies backwards to the formal arguments of a top-level
definition. Appendix B.3.6 includes rewrites that simplify terms under assumption of their guards,
join guards in disjunction when all of their terms are equivalent under either of the guards, query
predicates to prove them true, and falsify and eliminate contradictory guards, and similarly.

4.3.1 Multi-Dimensional Arrays. The source language allows multi-dimensional arrays with re-
shaping via flatten : [][]Ja — []a, which collapses two dimensions into one. To support this, we
augment the index function grammar (Fig. 9) with multiple arguments and flattened dimensions:

D:=i:0.e|i:0.e,D]|i:0.exD su=...|x(e...,e) | %p(ei) | ...

where i : 0..e X D denotes multiple dimensions flattened into one, and %p(e;4y) is used to rewrite
a 1D index ejy4y in terms of the multi-dimensional structure inferred for the flattened domain D.
Because our solver does not support non-linear arithmetic, we rely on three specialized, division-
free rules to convert %p(e;g,) to 2D indices (Appendix B.3.8). Rules FLATTEN and PROPFLATTEN
(Fig. 11) use the X syntax to preserve and propagate shape information about flattened arrays.
Existing rules (Figs. 8 and 10) require few changes: VAR creates domains matching array shapes, Ipx
checks bounds per dimension, other rules require minor arity changes to match array ranks (which
we require to be statically known), and flat and multi-dimensional domains must be matched alike.

As explained in Section 3.4, we infer structure from flattened programs via scatter. Rule SCATTER3
(Fig. 11) covers the case where in-bounds written indices (x;4,) are strictly monotonically increasing,*
producing a flat jagged array representation where rows start at the written indices. The number of

4Checked by the injectivity of in-bounds indices of x;4, and the last query (establishing non-strict monotonicity of ;o).
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rows is given by the index array length. Importantly, this allows for empty rows, which correspond
to out-of-bound indices when [ —p | implies that the row is empty: ey, [i1 := i1 + 1] — €5,y = 0 (Or
equivalently, row non-emptiness implies [ p |). In Section 3.4 and Fig. 5a, SCATTER3 infers the flags
index function: A (iy : 0..|s| X iz : 0..s(i)) . [i2 = 0] % x(i1) + [iz # 0] * 0. The predicate p is s(i) > 0
here and was simplified away since it is equivalent to row non-emptiness. To derive the segment
ids (Fig. 5b), PROPFLATTEN (Fig. 11) propagates this jagged structure to the segmented scan result,
and SEGRECSUM eliminates the recurrence O.

4.3.2 Concatenation. Source-level concatenation of arrays x and y yields the index function:
z=A (0 0. (x[ + |yD) - [ix < fol | #x(in) + [iy 2 |x] |+ y(iz = |xs])

We also record a symbolic form z = f ++ f, where f; and f, are x and y’s index functions. The
index function is used to substitute indexing z(e), while the symbolic form enables decompositional
reasoning: injectivity and monotonicity are verified part-wise rather than over the combined domain.
SCATTERS3 requires that the first written index is 0 and the last is the destination array’s length (out of
bounds). This can be relaxed by concatenating index functions whose domains range over elements
before the first write (0..e,0,,[i1 := 0]) and elements after the last write (€0, [i1 := |Xiax|] .| Xdest|)-
Eliminating concatenations that have empty domains (checked by a query on the range bounds)
makes the resulting index function invariant to whether e,, uses inclusive or exclusive scan.

4.4 Property Layer

Properties are verified either by expanding the proof obligations listed in Fig. 7 into (in)equalities
discharged by the algebra layer (low-level reasoning), or by reasoning in terms of other properties
in the environment (high-level reasoning).

Low-Level Algebraic Reasoning. Proof obligations are reified as solver queries. For example, given an
index function x with n guards, x = A (i : 0..egom) . [p1] * €1 + ... + [ pn] * €y, the query in INJNEQ
(Fig. 8), Query ([x(i) € Y A x(j) € Y] = (x(i) # x(j))), is specialized to generate n? subqueries by
substituting the index function, hoisting guards (via Su and Hor1sT in Fig. 10), and distributing
outer guards over inner ones as demonstrated in Eq. (7):

pP1 /\pl[i sz] ANe € Y/\el[i sz] €Y= (61 * el[i 2]])
+..t[prApuli=jlAereYAeyi=jleY]*(er #enli:=j])
+..tpnApali=jlAeneYAey[i:=j] €Y]*(en #enli:=j])
Another rule that proves injectivity by Vi, j € 0..|x| . x(i) = x(j) = i = j is treated similarly and
solved by saturating transitive equalities, as demonstrated in Section 3.2 (and not detailed further).
The proof obligations of Range, Equiv, Mono, and Inj generalize to n dimensions by replacing i

and j with n-length vectors i and j and using lexical ordering. For example, the proof obligation
for Mono x < expands to 2" — 1 distinct queries so that for all i and j in the domain of x:

-

i<j=xM)<x() = (1<ji=x@)<x()) A =ji A< o= x0) <x())
/\"'/\(il =j1/\"'/\in—1 =jn—1/\in <jn=>x(i) <x(.]))

where omitted dimensions further expand to all possible combinations of < and >. For example,
ip < j, and iz > j, are both tried in the first conjunct of the lexical expansion. Flat arrays are similar.

High-Level Property Reasoning. Figure 12 shows the rules for both property layer relations —prop
and — s relations. For —p,p, premises like Inj x Y may use either level of reasoning. INJSSUBSET
concludes that x| _, 1) is injective if Y; C Yy and x| _, %) is injective. FILTPARTPRESIN] propagates
injectivity over filter/partitioning. FILTERINJ proves injectivity of x; via x5, which x; filters/partitions.
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INJSUBSET FILTPARTPRESINT

Tinj(x) = Yo T + Query (Y; C Y2) —q Yes Tritpart (x1) = (2, fis (fos - - -5 ) T HlInjxy Y —pp (I, Yes)
Tk lInjx Y —pep ((T,Inj x5 Y1), Yes) T rInjx; Y —prop (T, Inj x; Y), Yes)
FILTERIN]

Tripart (x1) = (x2, A (i1 : 0..e1) - p, (fis -+, fu)) T(xz) =A(i2:0..e1) . e2
fresh x;3 TrHA(iz:0.e1) . [plis ==i2] | xx2(i2) + [—plir :=dz] | s L~ f T,x3 > f FInjxs Y —ppp (I, Yes)

T +lInjx; Y —pop (T, Inj x; Y), Yes)

InjConcaT
I'(x1) =fi++ 12 fresh x,, x3 Lxa firInjxs Y —prop (I, Yes) Lx3 = fobInjxs Y —prop (T, Yes)
fresh i, j T,x; — fi,x3 — fo,Range i 0..e;, Range j 0..e; - Query ([x2(i) € Y Ax3(j) € Y| #x2(i) # x3(j))

T +Injx; Y —pop (T, Inj x; Y), Yes)

INFERPART ‘F F (6, E®?) =infer T ‘
T(z) =4 (i1 : 0..x,,)) - [ true] * xoqr (7, (i1)) Tpij (xiax) =Bij Y Y
T(Xiax) =A(i:0..eq,) . [prlxes+...+[ppl*e,  fresh Fla FILTPARTPRESIN]
fo=A0o:0.exy) - true  Vg=1...n: fo=2A(jg:0.exastl) . pqli:=jql Trittpart (x1) = (%2, f1, (f2s - - -» fn))
T+ InvFiltPart x;0 Y fo (fi5---, fn) —prop (I, Yes) Tinj(x2) =Injx, Y
T+ (z,scatter xgst Xigx Xva1) —nfer 15 FiltPart z xvar fo (fis-- -5 fn) Tk (x1,_) =fer T Injx; ¥

Fig. 12. Verifying properties using other properties (selected rules).

The filter predicate is used to refine the values of x;, possibly ignoring those that would violate
injectivity: Vi, j € 0..]xz| . p()Ap(J) Ax2(i) € YAx2(j) € YAx(i) = x(j) = i = j. Wereify thisasan
index function to leverage both reasoning levels rather than directly invoking the solver. (L is some
sentinel value not in Y.) These three rules work even when x; is uninterpreted (a formal argument
or untranslatable source expression). INJCONCAT verifies injectivity via concatenated functions,
requiring that the functions’ images are disjoint. Additional rules in Appendix B.4 include: filtering
preserves range and monotonicity; partitioning preserves bijectivity; bijectivity implies injectivity;
range inference over filtering/partitioning (like FILTERINJ); monotonicity over concatenation.

Properties can also be inferred from the source code (e.g., combining the ranges of each branch
in a conditional). The last two rules belong to the — ¢, relation, which aims to automate inference,
but relies on —pp, to provide a base case, e.g., in FILTPARTPRESINT’ the restricted codomain Y
is not given and is determined by looking up Ijnj. INFERPART infers a partitioning property by
pattern matching the index function produced by SCATTER2, which guarantees that the result has
been proven to be (at least) a permutation of x,4;; the rule concludes by checking InvFiltPart on
Xind.> These two rules can infer both the partitioning and injectivity of z = scatter x4s; Xind Xval
(in the LET rule of Fig. 8). We allow properties to be expressed over the rows of arrays by introducing
the property, For (i; : 0..e;) P, where P is a property from Fig. 7 that may depend on i;. P? verifies
For properties by creating a new index function where the outer dimension is dropped, and then
verifies P over this function where i; is a free variable.® (Shown in Appendix B.4.1.) The For property
composes to express properties over inner dimensions.

4.5 Algebra Layer

The algebra layer solves (in)equalities over the guarded expressions of index functions by lowering
the expressions to a simplified algebraic language (Fig. 13). The algebraic symbols s include variables,
array indexing and sum slices, 3’ x[e; : e3], which are sums over inclusive slices of arrays that enable
binder-free reasoning over sums. In this section, expressions e are over algebraic symbols: a denotes
either an array variable x or a disjunction of mutually exclusive boolean arrays VvV, {xy,...,x,}.
Vi {x1,...,x,}[i] is equivalent to x;[i] V - - - V x,[i] since x1, . .., x, are mutually exclusive.

SINFERPART assumes that the p;_, guards of x;4, are in ascending partial order. Filter-partitioning is derived similarly.
®Flattened domains are handled by matching the outermost iterator in the flat dimension.
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Set of variables X Algorithm 1 Solve(A,e < 0)
Array a == x| V.X let ¢’ = Apply PEELONRANGE to Simplify (A, e)
Symbol s == x| ale] | L ale:e] if e’ is a constant n € Z and n < 0 then return Yes
Term ¢ == n|s|s-t

let s = PickSym(A, e’)

Expression e == t|t+e

1
2
3
Legal range example 4 factorize e’ by s yielding the form s - e; + e; .
n <3.i< {5 n,n%} 5 let (LowerB, n, UpperB) = Apange(s)  (that is, LowerB < n - s < UpperB)
6
7
8
9

{i+1,5) <Y X[i:i+j]<j-1 for each (I, u) € LowerB x UpperB do
Tllegal range example if Solve(A, —e; < 0) then if Solve(A,u - e; + n - e; < 0) then return Yes
i <n< i-i if Solve(A, e; < 0) then if Solve(A,l - e; + n - e; < 0) then return Yes
n <2-i< 2-n-5 return Unknown

Fig. 13. Algebraic language syntax and solver algorithm.

The algebraic context A consists of four maps (1) Arange from symbols to ranges; (2) Agquiv
from symbols to equivalent expressions; (3) A, from variables to their disjoint predicates (used to
propagate the MECE property of the guards into the environment); and, finally, (4) Ayntrans is a
bidirectional map between unlowerable expressions and fresh variables that represent them.

ARange and Agquiv are constructed to be cycle-free: when adding a range or equivalence on a
symbol, the symbol must not be used by symbols appearing in the transitive closure of its ranges and
equivalences. A symbol s is used by another symbol s’ if the leading variable of s (Appendix B.5.2)
is in the free variables of s". For example, if Agqujy is empty then the binding i — x[i] is rejected
because i € {x,i}, but x[i] + i is accepted because the leading variable x ¢ fv(i). Ranges are
similarly rewritten into several candidates. If multiple legal candidates exist, one is selected by a set
of heuristics, e.g., the one appearing latest in program order, or by giving preference to starting a
new range over refining an existent one with a bound that depends on a symbol of unknown range.

4.5.1  Solver Algorithm. Inequalities are reduced to the form e < 0 and solved by the adaptation of
Fourier-Motzkin elimination [23, 75] presented in Algorithm 1. It starts by simplifying e as presented
in Section 4.5.2; this is essential in enabling Fourier-Motzkin elimination—which is usually only
over variables—for our symbols, which include array slices and indexing. PEELONRANGE peels off
the last term in a sum slice if that term has a more specialized range than the one of the whole
array. Line 2 is the base case, where e’ is a constant. If not, PickSym selects the next symbol s
to eliminate by choosing the symbol in e’ whose range transitively depends on the most distinct
symbols. Ranges are further refined based on existent knowledge, e.g., if array x is strictly positive,
then a lower bound of ) x[I : u] is u — [ + 1, if the latter is provably positive; similarly, an upper
bound of the boolean-array disjunction ), Vv, X[I : u] is also u — I + 1. Finally, lines 3-8 attempt to
prove sufficient conditions satisfying the target inequality by suitably replacing s with its bounds.

4.5.2  Simplification Strategy. Our simplification strategy iterates three steps to a fixpoint; within
each step, matching rules are applied deterministically across the expression’s terms until a local fix-
point is reached. The rules and the algorithm are given in Appendix B.5.3. We outline each step here.
Step 1 substitutes symbols bound in Agqyujy With their equivalences and replaces v, X[e] with 1
whenever 3x € X such that Agquiv(x[e]) = 1. It also replaces sums over provably empty slices with
0, and extends sum slices to include adjacent elements that have equivalences in Agquiv:
Solve(A, e; > es) At+ale;—1] > e3 Solve(A,e; — 1 < ey)

EmpPTYSUM EXTENDSUM
A+ Y ale;:e] >0 A+ Y ale;:e] > Yaler—1:e] — e

Step 2 simplifies across sum-sum or sum-element terms (enabled by Step 1) by joining sums
that are disjoint and eliminating and extracting overlaps between sums. For example, JoinSums4
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1. Query T+ Query,y, (idx(iy) < idx(iz)) where T =T',0<i; < |xs|, 0 < iy <iy, p(xs(iy)), 7p(xs(iz))
T (idx) = A (i : 0..|xs]) . [ p(xs(i)) | % 25Zp (p(xs (7)) + [=p(xs(i)) |+ (i + 2754 (p(xs()))))

AUntrans = {xl (_)P(XS(D)), X2 &> “P(XS(D),X\xx\ s |XS|} 0<1-x<1
2. Build AL ={x; = {x}, xg = {x1}} 0<1-x<1
context ARange = 0<1- X|xs| <00

AEquiv:{xl[ll] =1, xl[IZ] =0, 0<1-i Sx|)cs|_1

x2[i1] = 0, x2[iz] > 1} 0<1-ip<ip—1

3. Lower Lowerr gy (idx (i) < idx(iz))
= Lowerp i ([ p(rs(i)) A p(xs(ia) |+ (275 (p(rs())) < 2251 (p(xs(1))))
+ [plrs(in)) A =p(as(ia)) |+ (D55 (p(xs(7))) < iz + 2050 (p(xs()) +-..)
=(A, 2Vi{x 0y = 1] <ig+ X Vi{xi}ig +1: x5 — 1])
4. Solve Solve(A, X Vi{x1}[0:i1 —1] <ip+ X Vi{xi}[iz +1:x —1])

Fig. 14. Lowering the query discussed in Section 3.3.

simplifies two overlapping sum slices over mutually-exclusive boolean arrays, whose array variables
do not overlap, but are mutually disjoint (in the same A class).

XNnYy=0 Uxex A1 (%) =Uyey AL(y) Solve(A,e; < e3 < e < eq)

Art-2(ViX)[er:ex] +t-2(ViY)[es :eq]
—t-2(ViX)[er:es—1]+t-2(Vi(XUY))[es:ea] +1-2(ViY)[ex +1:eq]

JoinSums4

Step 3 applies EMPTYSUM and then peels off elements from sums that have known equivalences
(or more specialized ranges). Its rules collapse a singleton slice to an index, replace symbols bound in
Agquiv» peel off an index from the start/end of a sum, and eliminate empty sets from Vv, disjunctions.

4.5.3 Lowering. Lowering a query to the algebra layer has two stages (Fig. 14). First, the algebraic
context A is built from the environment I' and the index function associated with the query. In
Fig. 14, x; and x; are fresh names for unlowerable expressions (guards) that map to reduction
contexts (Fig. 9). E.g., x1(0) is the unlowerable expression p(xs(0)), so x; and x, are parametric over
i—which we simply treat as arrays (i.e., x1 [0]). Next, the query expression is lowered. Specifically, we
treat each term [ p | * e as an implication for inequalities nested inside guarded expressions: either (1)
p must be falsifiable under I (see FALSIFYGUARD in Appendix B.3.6), or, (2) assuming p by extending
A to A’ with any ranges and equivalences in p, Solve(A’, e) must return Yes. The bottom of Fig. 14
shows the only term that reaches case (2) (i.e., the expression guarded by [ p(xs(i;)) A =p(xs(iz)) ]).
All other terms are invalidated by (1) since p(xs(i;)) and —p(xs(iz)) are assumed true in A.

5 Evaluation

We implement P? in the Futhark compiler [24, 44] supporting nD regular arrays and 2D flat jagged ar-
rays. We support additional source constructs: tuples, (un)zip, concat, analysis over histograms [32],
and exponentiation with integer base. The implementation prints index functions for each let-
binding and reports failing queries with corresponding index functions and source variables.

We demonstrate P?’s ability to statically verify properties of bulk-parallel operations in 14
challenging Futhark programs that exercise different parts of our system. We demonstrate that
dynamic verification of bounds checking and scatter’s safety may incur big runtime overheads
for GPU execution; our approach verifies them statically. Case studies demonstrate proving filter
and partition properties (Section 5.1.1), verifying that scatters are deterministic (Sections 3.2, 5.1.1
and 5.1.2), and obviating dynamic bounds checks in indexing and gathers (all subsections).
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Table 1. (a) Evaluation summary of verified properties and (b) performance speedups from static checks.

(a) FP abbreviates FiltPart. SAFE: all indexing and scatters are verified. (b) NVIDIA A100 perfor-
#S and #A count scatters and annotations. Check time measures P?’s mance with dynamic checks
total runtime (Apple M4 chip). Compile time includes check time. (DYN.) as baseline. StaTIC
PROPERTIES & CHECK % OF CoM- Sho“,/s speedup over dY_
PROGRAM ANNOTATIONS ~SAFE #S #A  TIME  PILE TIME namic checks. +OpT addi-
max_match  Range, Equiv, Inj, FP v 6 14  1.6s 65% tionally removes scattered
MIS Range, Mono v 3 26 0.8s 69 % array initialization.
BFS Range, Mono, Inj, FP v 1 26 13s 87% b Dyx -
quickhull Range, InvFP, FP, Vv 8 21 8.1s 98 % ROGRAM :
FFT Range, Inj v 1 1 02s 16 % (kyml?zzz‘: or (ms) Stamic +Opt
primes Range, FP v 2 12 05s 58 % o
lavaMD Range v 0 6 19s 82% moYlelens 280 2.2%
srad Range v 0 12  09s 68% nytimes 315 1.9
kmeans_ker Range v 0 3 0.1ls 13% scr'n'a 861 2.2x
partition Equiv, FP v 1 1 0.2s 31% partition
partition3 Equiv, FP Vo1 2 08s 64 % ?gl(;/[M 3552; ‘;3: iggz
seg_partition Range, Equiv, FP v 1 3 1.1s 76 % : .
filter Equiv, FP v 1 3 0.1s 21% 200M 135 12.2x 1.05x
filter_irreg Range, Equiv, InvFP v 1 3 0.8s 63%

5.1 Experimental Evaluation

We evaluate P?’s ability to statically verify memory safety on real-world algorithms from PBBS [2]
(the maximal matching, maximal independent set and breadth-first search graph algorithms and
flattened nested parallel quickhull) and Rodinia [13] (srad and lavaMD), alongside the Cooley-
Tukey FFT algorithm [17] (FFT), sparse k-means [59] (kmeans_ker), and an optimal work-depth
implementation of a flattened nested parallel prime sieve [7] (primes).

We modify existing Futhark implementations to structure-of-arrays and A-normal form and
extract loop bodies into function definitions to match our source language. In quickhull, we also
introduce an explicit if-statement to prove a range property; this modification could be be obviated
by propagating properties on slices of irregular arrays. Required annotations primarily specify:
(1) index ranges for safe indirect indexing, and (2) injectivity for scatter safety. MIS expands and
contracts flat jagged arrays. Safe indirect indexing requires a non-trivial flat-segment-dependent
property: For (i : 0..]y|) (Range y 0..offsets(i + 1) — offsets(i) + 1). Remaining annotations repeat 6
simple annotations that are derived from the benchmark’s description of the input data. max_match
iteratively removes graph edges using scatters. Safe scattering requires maintaining an Inj property
on the initial edge index array as a loop invariant, repeating 3 unique annotations.

We also verify functional correctness for widely-used kernels—filter, alongside two-way, three-
way, and segmented partitioning (seg_partition)—which appear throughout our benchmarks and are
core to, e.g., radixsort and quicksort. To our knowledge, verification of memory safety for the PBBS
benchmarks and prime sieve, and functional correctness for the widely-used data-parallel kernels
(except for filter in [57]) has not been reported before. Table 1a summarizes the evaluation. Check
times range from under 1 second to 8 seconds, increasing with complex index functions requiring
many normalization rewrites (e.g., seg_partition and quickhull). Table 1b compares dynamic versus
static verification on an NVIDIA A100 GPU. Futhark inserts dynamic bounds checks in CUDA
kernels [31]. For kmeans_ker, static verification achieves roughly 2x speedup on datasets movie-
lens [30], nytimes, and scrna [47] (using parameters from [59]) by eliminating dynamic checks. We
implement dynamic scatter-determinism checks using reduce-by-index [32] to match the program’s
asymptotic work and compare against static verification. Static verification achieves 4-12x speedup
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on random float arrays of 50—200 million elements. Dynamic checking uses atomic updates that
thrash the L2 cache, exacerbating the overhead. The static version is further optimized (+OpT) by
replacing scatter’s destination array with an uninitialized array—safe because P? automatically
proves all locations are overwritten—yielding a 5-8 % speedup.

We select two of the above benchmarks to illustrate P?’s capabilities: solving queries over complex
nested expressions in Section 5.1.1, and, in Section 5.1.2, reasoning over concatenated forms.

5.1.1 seg_partition. This is a segmented version of partition that partitions each row of a flattened
irregular array (Section 3.4). The postcondition asserts that p partitions each row:

def seg_partition (s : []i64 | Range s 0..00) (x : []f64 | Equiv x| (Sums)) (p : []bool | Equiv |x| |p])
: [1f64 | Ay.For (k:0..|s|]) (Part y x (Ai.pl[i]))

The implementation lifts partition using segmented operations like seg_ids (Section 3.4). The
inferred index functions have a flattened domain propagated from flags (Fig. 5a):

ll 1 +lz
(ST s ) + i) ] = S s + 3 A0 CUDRE )
=21 (5(2)
i i . . Llll— (s(j1)-1
[ﬁp(zn—O (s(jn)) +1i2) | * 211 (s(h)) TR vhjiz}é (s(j2))+ia+1

idx = A (i; : 0..]s| X iz : 0..5(i)) .
(p(ir))

seg_partition = A (iy : 0..|s| X iz : 0..s(ir)) . x(idx ™" (251 (s(j)) + i2))

Verifying the postcondition requires proving partition properties like bijectivity over each row’s
restricted domain, e.g., Bij idx L” 1(s(])) L 0((j)) . The solver applies the three-step method
from Section 4.5.2. The sum-slice sunphﬁcatlons are critical here because boundaries are themselves
sums. See Appendix D.2 for the implementation and an illustrative lowered query with solving steps.

5.1.2 FFT. The Cooley-Tukey FFT algorithm produces scatter indices idx comprising strictly
monotonic segments via concatenation (e.g., [0,1,4,5,...] ++ [2,3,6,7,...]):

def fft (n:i64 | Range n 1..00) (...) (x:[1f32| Equiv [x[2") = jdx =A(i; : 0..2""9 X i : 0..29) .
loop x for g < n do
let iss1=map (k. map (Aj. k * 291 + j) 0..29) 0..2"~9~! [i7 < 27797 ] w iy - 2970 4 4
let iss2 = map (Ak.map (Aj. k * 29%! + j +29) 0..29) 0..2" "9~ ! [i; > Zn—q—l] i 20+l 4 iy + 24 _on+q
let idx = (flatten iss1) ++ (flatten iss2)
let vs= ... in scatter x idx vs

To verify scatter safety, we must prove that idx is injective. Concatenation yields the term —2™*4
in the second guarded expression above, which makes disjointness of the guards unprovable for
our solver, even when exploiting the inferred 2D structure in the flattened domain. However, we
also record the symbolic form of idx for concatenations, which can be used to Verify injectivity:

ide=A (i1 :0.2" 9 X iy : 0.29) Uiy - 29 4 iy 44+ A (61 : 02" Xy 0..29) iy - 297 44, + 24
Using INyConcar (Fig. 12), P? proves that each constituent index function is injective and their
images are disjoint. For (iy, iz), (ji,j2) € 0..2"7971 X 0..29, the solver verifies that i; - 29" + i, <
j1-297 4 j,+29 when (iy, i5) < (j1, j») lexicographically, and i; 297! +i > j;-29%1+ j, +29 otherwise.
6 Related Work

Liquid Types and Liquid Haskell. Liquid types are refinement types [54] automatically discharged by
SMT solvers [71]. Refinement reflection [72] allows source functions in refinements and automates
definition unfolding, but still requires manual proofs for our class of programs (like Dafny in
Section 2.1). For instance, automatically verifying that the below code produces positive integers
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seems to require fusion to maintain positional correlation between cs and is—contrary to the
data-parallel programming style, but it can be proved by manually defining and applying a lemma.
let is = map (\c-> if c then 1 else @) cs in zipWith (\c i-> if c then i-1 else 1) cs is
We could not verify partition’s data-parallel implementation, and verifying three-way and flat-
parallel batch partitioning (seg_partition in Section 5.1.1) are harder still. In contrast, P? uses
index functions to automatically infer positional correlations and prove array properties without
structural constraints or proof writing.

F* and Pulse. F* [65] is a proof assistant with dependent and refinement types, combining SMT
automation with interactive proving. It automates term reasoning via reductions but still requires
manual proofs for properties our system handles automatically. PulseCore [21] verifies task-parallel
quicksort via sequential partitioning using Pulse [66], which uses concurrent separation logic [12].
Unlike P?, it cannot verify implementations that use data-parallel segmented partitioning.

Linear Array Logics. Dependent ML [76] and ATS [77] restrict dependent values to limited languages
for decidability. Dependent ML enables static array bounds checking via linear constraints [78].
ATS allows explicit proof terms but requires intertwining proof and program. Daca et al’s [18] logic
for counting and partitioning, Bradley et al’s [11] for index ranges and sortedness using Presburger
arithmetic, and Qube [68] for array indexing and shape matching are restricted to linear indexing.
An Agda DSL [74] for reverse-mode differentiation of affine functions focuses on verifying tensor
indexing. We target programs with non-linear indexing via gather/scatter/scan.

Verifying Parallel Programs and Compiler Transformations. The VerCors [8] toolset has been used to
verify CUDA implementations of prefix sum and filter operations [57]. The latter requires establish-
ing four intermediate properties expressed via a non-trivial pure function, whereas P? requires a
straightforward postcondition. Work on verifying scheduling DSLs [27] like Halide [52] includes im-
provements to its term rewriting system [46], validation of affine specifications [14], and HaliVer [70],
which builds on VerCors to verify the low-level generated code via permission-based separation
logic [9]. Bounded translation validation tools like Alive2 [39, 40] verify LLVM transformations.
Descend [35] targets GPU memory safety and data-race freedom by requiring programmers
to decompose arrays (using structured layouts) and to assign entire dimensions to threads for
partitioned memory access. This permits verification of regular access patterns, but not graph algo-
rithms. TensorRight [3] verifies shape-polymorphic rewrites from XLA’s algebraic simplifier [15],
but similarly assumes structured layouts (e.g., reshapes are not supported). ATL [38] verifies affine
schedules that involve quasi-affine indexing (except ceiling division). Work in [22] extracts pure
bulk operations (e.g., map) from low-level code by modelling variables/allocations as loop-indexed
sequences. P? complements these by supporting irregular index arrays in pure data-parallel settings.

Dependence Analysis. P? is inspired by loop optimizations where suitable access-pattern representa-
tions [43, 55] are key to scaling interprocedural analysis, statically [28, 50, 73] or via static-dynamic
combinations [43, 48] for non-affine code. Inspector-executor [58] instances are used to prove
parallelism [43, 49], extract parallel wavefronts [53, 79] and improve locality [20, 63], often by
establishing index-array properties (e.g., injectivity, bijectivity, monotonicity). Notably, optimizing
data layout (movement) is key to efficient GPU execution [25, 45, 67]. SPF [42, 62, 64] provides a
principled way to integrate inspector executors into polyhedral analysis by modeling index-array
results as uninterpreted functions annotated with properties. These are crucial to ensure analysis
soundness and optimize inspector code [42]. We support most SPF properties [41, 62]—including
periodic ones and permutation inverses—except for co-monotonicity and triangularity, which are
feasible extensions. Statically verifying these index-array properties would simplify analyses, verify
inspector code, and reduce runtime overheads.
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