Appendix

This document contains supplementary material for the paper Verifying Array Properties in Pure
Data-Parallel Programs.
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A Source language
X, Y,z Variables
F Function variables
nez Constants
B = 64 | f64 | bool | ... Base types
T w= fl[]r Array types
< = << >]2 Linear orders
Op == <|+]|—-|*|=|#A|V Binary operators
B n= Base expressions
| x Variable
| n Constant
| x| Length
| 2B Power of 2
| B OpB Binary operation
| Xarray [ Bindex] Array index
E*™  := B|Sumx[E" : E”] Property expressions
T == Range x E”..E” | Mono x < | Equiv x E” | Inj x E”..E" Properties
|  Bijx E*..E™ E*..E™ | InvFiltPart x E*..E™ (Ax.E™) (Ax.E™)
| FiltPart x x (Ax. E™) (Ax. E™) | Filt x x (Ax. E™) | Part x x (Ax. E™)
| For(i:E".E")nx
E® u= B Base expression
| B.B Sequence
|  map (Ax™ . E) xa”ay(") Map
| scan (Ax_l(") x_z(").E) B(n) xarray(n) Scan
| scatter xgst Xidx Xval Scatter
| Fx Function application
| if B then E else E Conditional
| loop (x™) = (Ximiz™) while x,, do F ™ While loop
| loop (x™) = (X ™) for xp41 < B do Fx"*Y) For loop
E = letx=E% in E|X Expressions
Fun == defF(x:7|7m): (r | Ax.) =E Function definition
Prog == €| Fun Prog Programs
We write )_((n) to denote a sequence of objects X, ..., X, and we may just write X if the length is

not important or is clear from the context. Sequences are separated by white space or by comma, as
dictated by the context. We use F exclusively for the names of function definitions. We use Greek
letters to denote types and properties and capital letters to denote terms. Variadic uses of map and
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scan result in multiple results (i.e., structure of arrays rather than array of structures):

let ys,, ys, = map (Axy xz.1let y; =x; + x5 in let y; = x; — x; in y1, y2) x5; x5z in ys,, ys,.

B Formalization
B.1 Prerequisites
B.1.1 Index function grammar.

Variable x,y,z,1i,j,k
Constant n.meZ

Symbol s == [plxe|x||x|| X5 (e) |x(e) [x7(e) [p]2°]O
Predicate p == x| x(e) | true |false | -p|le<e|pAp|pVp|O
Term t ==n|s|s-t
Expression e ==t|t+e
Domain D ==i:0..e
Index fun. f == A(D).e

Index functions have the form A (D) . e where D is the domain and e is a guarded expression.
Scalars are single element arrays: A () . g abbreviates A (i : 0..1) . g. Comparisons are syntactic sugar:
e; € 0..epand 0 < e; < ey are both (0 < e1) A (e; + 1 < e;). Inference rules match to expressions
and index functions via unification with bound variables [60].

For clarity, we initially only treat 1D arrays, so index function domains only have one iterator
variable and indexing only takes one argument.

We may write sums of terms using both cases and } notation (note that this is distinct from the

¢ _.(e) symbol) depending on which is clearer in the given context:

n t
bt t= Y t=1
= ¢

n

1

B.1.2 Query answer grammar.
Answer A ::=Yes | Unknown

Queries either return Yes, which means the query holds, or Unknown, which means the query
could not be verified by our system.

B.1.3  Properties. We distinguish between source-level properties 7 and index function properties
P. The grammar for P copies the grammar for 7, but replaces property expressions E” for index
function expressions e and predicate lambdas (Ax. E”) for index functions f with predicate p bodies.
Properties Filt and Part are removed and instead expressed using FiltPart.

P := True| Range x e..e | Mono x < | Equivx e | Injxe..e | Bij xe..ee..e
| InvFiltPart x e..e (A(i: 0..e) . p) (A(i:0..€) . p)
|  FiltPart x x (A(i:0..e) . p) (A(i:0..e) . p)
| For(i:e.e) P

All constructors except For are base properties. Each property in P targets a single variable x, which
structurally corresponds to the first argument of the base property. We use the notation P(x) to
project the target variable x generically.

True is a trivial property that always holds, but carries no information. Our formalization assumes
that all function arguments are annotated with properties; arguments without property annotations
in the source code are given the True property during parsing.



B.1.4  Environments. Environments (I') map variables to index functions and properties via suben-
vironments I}, for index functions, Trange for ranges, and so on for each property in P. Unbound
variables map to @. We write I', x — f to extend I}ys, mapping x to f, and I, Range x 0..e to extend
TRange mapping x to 0..e, etc.

Notation Definition
Ix f I with [y {x — f}
I',Range x e;..e; I’ with TRange {x > e;..e2}
T, Mono x < I' with Tono{x <}
I, For (i: e;..ep) P(x) I’ with Tgor{x > (i : e;..e5, P)}

The subenvironment I'per tracks function definitions. We write:
. — — —(q) 5 FD
T with Tper (F) = (61, P1) . (%0 P), (57, Ppost) £ )

to map a function F to its formal arguments and preconditions (x;, P;), its return variables and
postconditions (g, %), and—optionally—its index functions ]_C If no index function is inferred
for a particular return y;, we put (n, @) in place of an index function where n is the rank of the
return. In inference rule premises, we may write _ to match bindings for F with or without index
functions: Iper(F) = ((x1,P1) ... (xn Pn). (77, Ppost). ).

Finally, the set-valued subenvironment I'p,q tracks arbitrary predicates that cannot be directly
expressed as properties (e.g., 0 < |x|). We again use standard comma-extension, writing T, e; =
2,0 < i < j < nto add predicates to I'p,q. These are later lowered to ranges and equivalences in
the algebra layer (Appendix B.5).

B.2 The Algorithm

The overall algorithm converts programs to index functions while verifying pre- and postconditions
in a back-and-forth interaction between the index function, property and algebra layers.
We formalize the algorithm using inference rules. First we give an overview of the relations used:

Notation Definition
Tre~é€ F're—e, Tre —e, .., T're, —¢ (No rule applies to e’)
T'rf~f Trf—fl, Tvfi—=f, ..., Trfi—>f (No rule applies to f”)
IF'rB~ f’ F'+B—>f, Trf~f
THE?~ (T, fl,....f}) THFE? > (I fi,oonfu), T'Rfio ff, oo, Tk faro f
FI—E’\»(I",fi',...,fn') F'+rE—- I fi,...s fo)s T'I—fi'\»fl’, ey T'Ffa~ f)

I+ Query, (e) ~q A IF're~ e, Tt Query, (¢) —qA

The judgment T +- e ~» e’ rewrites expressions to a fixed point (that is, no rewrite rules apply to e’).
Similarly for T + f ~» f”. Relations from the source language to index functions f correspond to
one source-to-index-function step, disambiguated by type (e.g., B — f), followed by one or more
rewrite steps f — f” until a fixed point is reached. Query . (e) ~>q A uses the e ~> ¢’ relation to
rewrite the query expression before attempting to solve it.

B.2.1  Verifying programs (T + Prog — Verified). The analysis starts with a program, which consists
of function definitions, and an empty environment I'. The judgment I' + Prog — Verified says
that all annotations are verified and that indexing is within bounds in the program Prog under
environment I'.
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We give the rule for a function definition with one argument, one precondition, one return and
one postcondition below. We also assume that the formal argument is a one-dimensional array.
The rule is straightforward to generalize, but it is filled with ancillary detail.

‘ T + Prog — Verified

FunDEF
I Tpre —Parse Ppre I Tpost —Parse Ppost
fresh i L, Ppre FA(:0.|x]) . x(i) ~ fi
L, Ppre, X = fi,+ Epoay ~ (I, f2)
tv(f2) € dom(Iper) U {x}
1—\/, y— fZ F Ppost —Prop (r”> YES)
T’ with Ipef(F) = ((x, Ppre), (Y, Ppost), f2) + Prog — Verified

Trdef F(x:7 | mpre) : 72 | AY. Tpost = Epoay Prog — Verified

The two first premises parse the source-level properties 7 into index function properties P. We
don’t formalize the —p,,s. relation.

The third premise creates a fresh variable i and uinterpreted index function for the formal
argument. The ~> relation rewrites this function under I' extended with the property P,,..

The fourth premise binds the formal argument to its precondition and index function and
then derives an index function for the function body (Appendix B.2.2). Only preceding function
definitions are in scope for the duration of this analysis.

The fifth premise checks that the resulting index function is expressed only in terms of F’s
formal arguments.’ The sixth premise uses the property layer (—pp) to verify the postcondition
(Appendix B.4). Finally, the seventh premise extends I' with information about F before treating
the rest of the program, where F is in scope.

If the postcondition cannot be proved, we terminate the analysis in failure.

FuNDEFFAaIL
'k Tlpre —Parse Ppre 'k Tpost —Parse Ppost

fresh i L, Ppre FA(:0.|x]) . x(i) ~ fi
F,Ppreax = fi b Ebody ~ (r’,fz)
I',y = fo ¥ Ppost =prop (I, Unknown)

Trdef F(x:1 | mpre) : T2 | AY. post =
Epoay Prog — Error

On empty programs, we're done:
ENDOFPROGRAM

I' + € — Verified
B.2.2 Converting let expressions (U + E — (I”, f)). A function’s body is defined by non-nested let

bindings of the form let x = E? in E. We convert E? to index functions and also infer properties
from E?, binding the results to the names X, before converting the body E.

1A separate rule for function definition records F’s index function as @ in I'pef when this is not the case.



The judgment T' + E — (I”, f) says that, under environment T, E has index functions f and
produces environment I'".

THE— (I, f)

LET
TrE? ~ (T), fiseeos fr)
Iy F (X1 X0, E®) Dpner Ty Lxi 0 fi,eosXn o fa b E~o (T f oo f7)

Trletx;,....,x,=E° in E— (I, f/,.... f)

Both conversion (the first premise) and property inference (the second premise) may add properties
to the environment. However, the grammar for E? ensures that no new index function bindings are
introduced. For example, if E® applies a function, the environment is extended with that function’s
preconditions in the first premise and its postconditions in the second premise (bound to the
relevant names).

The bindings are kept in the returned environment because they are eventually used to check
the function’s postcondition in the function definition rule. Function definitions, map and scan
may contain let expressions and their corresponding rules are responsible for discarding bindings
as they go out of scope.

For the remainder of the document, we will assume that let expressions only bind one name for
clarity. Extending the rules to handle multiple bound/returned values is uncomplicated.

B.2.3  Converting expressions. The rule for function application checks that the actual arguments
satisfy the function’s preconditions via the property layer, adding them to I" one by one. If an index
function was inferred for the applied function, it is returned after substituting the actual arguments
for the formal arguments. Otherwise, an uninterpreted function is created.

T+E? - (I, f)

App
Iper(F) = ((xi, Py ... (x;‘p Py), (y', Ppost),f) '+ Py [Xi = x1] —Prop (Fl’a Yes)
Lo i F Pulx] :=x1,...,%x, = Xp] —prop (I, Yes) Lok flx) =1, 0,x =x,] ~ f

T'rFx; ... xp— (T, f)

The first premise looks up information about F. In each of the remaining premises, F’s formal
arguments are substituted for the names of the actual arguments. For example, if P; is Mono x| <
then P;[x] := x1] is Mono x; <. Each precondition has only the names of the preceding arguments
and itself in scope. The ~» relation on index functions substitutes the index functions of the actual
arguments, which are bound in T, into F’s index function (see Appendix B.3.4). The rule for function
definition ensures that the free variables of f is a subset of the formal arguments, so that function
application does not leak locally bound variables.?

We have briefly introduced how converting the source language to index functions drives the
overall algorithm. We now turn our attention to property verification and inference: the — ., and
—>prop relations, which are used in the rules for function definition, application and let expressions.

2Since variable names are unique and we are in a purely functional context, it is sound to have out-of-scope variables in the
environment. However, not creating an index function for function definitions that have out-of-scope variables improves
compilation time because we won’t attempt to apply rewrites to it.
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B.2.4  Property inference. The inference judgment T + (x, E?) — - [’ extends an environment
T to I” with properties inferred from the binding let x = E®. The most basic form of property
inference adds postconditions to the environment on function application (AppProp). The Arp rule
ensures that the function’s preconditions are satisfied and the function definition rule ensures that
the postcondition holds given the preconditions, so we can use the postcondition here without
further checks.

’ I'r (X, E®) —lInfer I

AprPPROP
Doef(F) = ((x1, P1) ... (xp, Pn), (Y, Ppost), f)
'k (y,F X1 ... xn) —infer T, Ppost [X{ =X ,x,,l = Xp, y, = y]

INFERNOTHING
No other inference rule applies.

I'r (y, E®) —Infer r

If nothing can be inferred from the binding, another rule returns I'" =T.

B.2.5 Property verification. The judgment I' P —po, (I, A) checks whether P holds under T
It produces an updated environment I'" extended with P. The —p,,, relation is defined by a set
of "high-level" and "low-level" inference rules. The high-level rules verify properties using other
properties, while the low-level rules reify proof obligations as solver queries.

We give one of the low-level rules for Inj x Y here:

r+p _)Prop (IV,A)

QUERYINJNEQ
Dixin(x) =A (i : 0..e1) . e fresh j
I',Range i 0..j, Range j 0..e; F Query, ([x(i) € Y Ax(j) € Y] * (x(i) # x(j))) ~>q Yes

T'HlInjxY —pp ((T,Inj x V), Yes)

The first premise looks up the index function of x to get the size of its domain e;. The second
premise creates a fresh variable j, and the third premise adds 0 < i < j < e; to I using Range
properties while querying the solver. The solver query reifies the proof obligation

Vi,j€0..|x|.x()) e YAx(j) e Y AP #j= x(i) # x(j)

While the condition i < j is used to build a sufficient query at two different indices, the codomain
conditions x(i) € Y Ax(j) € Y are part of the query itself so they are represented as a guard on the
inequality expression. The return extends I' with the proven property if the query succeeds in Yes.

Query rewriting specializes the injectivity query to x’s index function by substituting and hoisting
indexing symbols. This generates all possible cases for the query and may eliminate vacuously true
cases. For example, if

Dixen () = A (i : 0..eqom) - [prlxer+...+[pnl*en



then the query premise in QUERYINJNEQ is rewritten to:

[prapili=jlneseY Ne[i=jl€Y]x (e #e[i:=]])
=J

[prAapli=jlAe €Y Aeli=jleY]x (e #eli=]])
I',Range i 0..j, Range j 0..egom + Query,

[pnApnli:==jlAen €Y Aepli:=j] € Y] (en #enli=j])
using SuB and HorsT (Appendix B.3.4).

B.3 Index function layer

B.3.1 Base expression conversion rules (T + B — f). Base expressions B correspond to index
function expressions e and cannot change the environment. Program variable references simply
return the index function they are bound to. Array indexing requires that the index expression is
scalar (of the form A () . e) and checks that the index is within bounds by querying the solver. Ipx
requires that the query returns Yes, in which case conversion is successful. IDXFAIL requires that
the query returns Unknown, in which case we terminate the algorithm in failure (Error).

Base expression conversion rules 'trB—f

Dixfn(x) = f FT'rB~A().e I'F Query (0 <e < |x|) ~q Yes
VAR —M8Mm™ — Ipx
IF'tx— (T, f) T'kx[B] = (IA() . x(e))
IDXFAIL CONSTANT
IF'tB~>A().e T + Query (0 < e < |x|) ~ Unknown nez
I' + x[B] — Error I'tn—oA().[true| *n
MuL
LENGTH rl-Bl—>/1().€1 FFBZ—))L().EZ
I‘I—|x|—>/1()|x| I“I—Bl*Bz—>A().e1-ez

Mut converts multiplication, requiring that each operand steps to a scalar index function. The
result is a scalar index function that multiplies the bodies of the operand’s index functions. Rules
for the other binary operators in Op are analogous.

B.3.2  Complete E® conversion rules (T + E® — (T”, ]_‘)) We give the complete E? conversion rules
here. For scatter, the rules are tried in the order they appear (also enumerated so).

ArPUNINTERPRETED applies a function definition that does not have an index function bound in
I'ber by creating an uninterpreted function over a fresh name. Creating this on function application
ensures sure that applications with distinct arguments yield distinct index functions.

Map and Scan convert the corresponding SOACs by binding the lambda’s argument to the array
argument’s index function with the outer dimension dropped, extending the environment with
the now-captured index variable i’s range, and then deriving the lambda body. Adding the range
enables bounds checking for indexing within the lambda body. The resulting environment I" is
discarded as local bindings go out of scope.

All of the scatter rules require that the index and value arrays have the same length. SCATTER1
converts scatters where the in-bounds indices are unique. Specifically, x;4,’s values within xg.s’s
bounds are unique (i.e., when Xidx|\ 1o lxaal) is invertible). The query checks that an existing
bijective property fulfills these requirements.

ScATTER? is like SCATTER1 except it asks the property layer to prove the bijectivity property.
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ScATTER3 covers the case where in-bounds written indices (x;4) are strictly monotonically
increasing,’ producing a flat jagged array representation where rows start at the written indices.
A variation on SCATTER3 could match the case when there are no out-of-bounds indices in the

reification of Xidx| . (i.e., it matches the case where there is only one guard after the
idx

(0. g
rewrite).

SCATTER4 creates an uninterpreted index function for a safe scatter (see Appendix B.3.3).

CONDITIONAL’s first premise converts the condition into a predicate pr. The second premise
obtains a normalized form of the negation of pr. The third premise converts pr to properties,
temporarily adds them to the environment and then converts the body of the then-branch. (Ex-
tending the environment can be necessary, e.g., to verify bounds checks in Ipx.) Similarly for the
else-branch using pr. The returned index function combines the conditional with the guards in
each of the branches: [ pr | * 1 - er will distribute [ pr | over each of the terms in er, putting [ pr | in
conjunction with each term’s existing guard. For example, [ pr |+ 1- ([ p1 | *t; + [ p2 | * 1) distributes
tol[prl=1-[p1]=t;+[pr]l=1-[pa] =ty whichyields [pr Api]|*t; +[pr A pa] =t

BASEEXPRESSION converts base expressions. SEQ converts a sequence to an index function; if B,
is 0, then this corresponds to a "iota".

Complete E° conversion rules (1/3) I+ E%° — (1"’,]_”)
App
Ipef(F) = ((x1> Py ... (x;p Py), (y/, Ppost)af) ['rP [x{ = x1] —Prop (Fl,, Yes)
Lo i F Pulx] :=x1,...,%x, = Xu] —prop (I, Yes) Ok flx] =1, .0,x = x,] ~ f

TrFx; ... xp— (T, f)

APPUNINTERPRETED
rDef(F) = ((xi’Pl) e (x;p Pn), (y,’Ppost)’ (1’ ®))
Tk Py[x] := x1] —prop (I7, Yes) Lo i F Pulx] :=x1,..., %, := Xu] —prop (T, Yes)
freshy, i TrAG:0.]y]) . y@i) ~ f

T'rFx; ... xp— (T, f)

APPFAIL

Ipef(F) = ((x;,Pl) cee (x;p Py), (y/, Ppost),f)
Tk Pyx]:=x1]...Palx] :=x1,...,%, := Xn] —prop (I, Unknown)

I'+Fx; ... x, — Error

[(x) =A(i:0..e1) . e I RangeiO.e;,x;—>A().e2 - E~> (I',A() . e3)
'+ map (Ax1.E) x; = (T, A (i : 0..e1) . e3)

AP

T(x3) =A(i:0.e) . ey I,x; > A() . e Range i 0..e; F E; ~ (I, A() . e3)
T+ scan (Ax; x2.Ey) Ex x5 > (T,A (i : 0..e1) . [i=0] ey + [i # 0] % e3[x1 :=O])

ScaN

SCATTER1
Tij (Xiax) = (Y, Z)
I' F Query (Z C 0..|x49| € Y) ~>q Yes I' F Query (|Xigx| = |%val]) ~q Yes fresh i

T + scatter Xgg Xigx Xvar — (DA (i1 0..|xagt]) - [1 € Z] % xpr (x5, (1) + [ € Z] * xa5t(i))

3Checked via scatter safety (implying injectivity of in-bounds indices) and the last query (establishing non-strict monotonicity
of e row)'
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SCATTER2
'+ Bij xjax 0..|xgst| 0. xas| —Prop (I, Yes) [k Query (|xigx| = [Xval) ~q Yes fresh i
T + scatter Xgg Xigx Xvar — (I', A (i : 0..]xgge]) . [true ] # xp0 (x5 (1))
SCATTER3

T F Inj Xjge 0..|Xase] —prop (I, Yes) fresh x,,k, 1, iy, iy

Xigx(i1) € 0..]x, * Xigx (1 * e

[ zdx(.l) | dst|] ldx( 1) ~ 1 (il . 0“6‘Xidx‘) ) [P] row

[ Xigx (i1) & 0. xase| ] % 1 [=p]=*x1

F’ [ QJlefY (emw[il = 0] = 0) ~Q Yes r/ [ Q‘;lery (eruw[il = |xidx|] = |xdst|) ~Q Yes
F’,O <j< k < |xidx| [ Qller}’ (0 < erow[il = ]] < erow[il = k] < |xdst|) ~Q Yes

' A (ll : 0..|xidx|) .

[iZ =0 /\P] *xsrc(il)

Tk scatter xgst Xigx Xsre = F’,)L (il : 0-~|xidx| Xy : On(eraw[il =i+ 1] - erow)) . . .
[12 0V —'P] * xdst(erow + lZ)

SCATTER4
T+ scatter xgq Xigx Xval —Safe YES fresh x4

T + scatter xgg Xigy Xvar — (D, A (i : 0..]xgs]) . [true] = x4(7))

SCATTERS
T+ scatter X5 Xigx Xval —safe Unknown

I' + scatter x4 Xigx Xva — Error

CONDITIONAL
'rB~A0).pr L'k =pr ~ pF BASEEXPRESSION
T,pr v Er ~ (I',A(D) . er) T,pr+ Ep~ (T”,1(D) . er) '+B—f
I+ if B then Er else Ep = (T,A(D) . [pr]*1-er+[prl=*1-ep) I'rB— (T,f)
SEQ

I'tB—>A(0).¢ I'tBy,—>A().e fresh i
I'+Bi..By —> (I,A(i:e..e0) . i +eq)

(More inference rules are given for this judgment below.)

The rules discussed so far have been restricted to one return for clarity. For the loop rules we
will do the opposite; they are best understood in their most general form with n returns. All of the
preceding rules are straightforward to generalize to multiple returns.

WHILELoOP converts a while loop with n returns to n uninterpreted index functions. The pre-
and postconditions must be syntactically equivalent up to variable names: the preconditions are
expressed in terms of the formal arguments while the postconditions are expressed in terms of the
function’s returns. This ensures that the properties are loop invariants and that the postconditions
can only be defined in terms of the return variables y (i.e., that U?:l fV(P]’.) C{yy....,yp}) Inthe
first premise, _ will match both the case where F has an index function and where it does not. (It’s
irrelevant for the rule.)

ForLoop is like WHiLELoOP but further requires that the loop iterator variable x,.; has a
range property corresponding to the loop iteration space and that x,; is not referenced in the
postconditions.* This is because F does not return x,,; and yet it will vary across iterations.’ The
upper bound of x4 is derived and its range is added to ' while deriving the loop body.

4The WHILELOOP rule is written in a more compact style because it is included in the paper.
SThis could be relaxed using a more complicated rule that requires any preconditions on x,+; are also satisfied by x,,41 + 1.
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T+E% > (I',f)

Complete E° conversion rules (2/3)

—(n) _ —(n) -(n) _
Toer(F) = (s Pore) s (7™ Prost ) Tistn(xiniz,) =A() . [pl1  fresh i,z

) _, (F',]_”(")) Vjiel...,n. Pprej unifies with Ppostj ly1 :=x], .., yn == x,]

L,p+ F Xinis
T +loopx™ =X ™ while x, do FX™ — (T, A (i1 : 0..z1]) . 21(i), ..., A (in : 0..|zn]) . 2 (i)

WHILELOOP

ForLoor
—(n) —(n) 571
Toer(F) = (x.P)" (xns1, Range Xues 0e1), (T, P7), ) xnar & Uy f0(P)
Py, ..., P, unifies with P{[y; == x1,...,yn :=x,], ..., Prly1 ;== X1, ..., yn == x),]
TrB—A().¢ e; unifies with e]

T, xp41 > A() . Xp41, Range x4 7 0.1 + F Tt ™ xpey — T, f fresh i¢ ), ()

T + loop ™) = (X ™) for x,41 < B do Fx"*)
— (1",/1 (11 : 0..|Z1|) . Zl(il), .. .,A (in : 0--|Zn|) . Zn(ln))

WHILELOOPFAIL
No other rule applies.

T + loop ¥ =%, while x, do F x" — Error

ForLoorFaIL
No other rule applies.

T + loop ™) = (xiir™) for x,41 < Bdo Fx"*V — Error

B.3.3  Scatter safety rules (T + f — A). The rules SCATTER3, SCATTER4, and SCATTERS determine
whether an application of scatter satisfies its deterministic semantics. SAFESCATTERFAIL yields
Unknown if determinism cannot be established. The remaining rules assert determinism via suffi-
cient conditions: SAFESCATTERINJ requires a duplicate-free index array by proving an injectivity
property on the index array. SAFESCATTERCONST1 requires a constant index function, ensuring the
value array replicates a single constant. SAFESCATTERCONST2 requires that the value array has a

singleton range.

SAFESCATTERIN]
I'r Q}lery (InJ Xidx O~-|xdst|) ~Q Yes r'r dery (|xidx| = |xval|) ~Q Yes

I' + scatter x4 Xigx Xval —safe Y€S

SAFESCATTERCONST1
[(xpar) =A(i:0.€1) . e i¢fv(e) '+ Query (|xiax| = |xval) ~q Yes

I' + scatter Xy Xige Xval —safe Y€S
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SAFESCATTERCONST2
I‘Range(xvall) =€1..6 I+ Query (e1=e—1) ~q Yes I' + Query (I%iax| = 12xvarl) ~q Yes

I' + scatter xgs Xigx Xval —Safe YES

SAFESCATTERFAIL
No other —s,¢ rule applies.

T+ scatter x4 Xigx Xval —safe Unknown

B.3.4 Term rewriting and contexts. We rewrite index functions and expressions to simplify eventual
queries (e.g., bounds checking in Ipx). We formalize expression rewrite rules I' + e — ¢’ using
expression contexts C.

C == O|C+e|C-t]|[Clre]| [pl*C|ICl| Xic(e) | 25 (e) | Y5e(O)
| x(C) | xH(C) | 2° | =C | CAp | pAC | CVp | pVC | C<e|e<C

A context contains a single hole O, where C(e) denotes substituting the subexpression e into that
hole. For example, given C = [ p; |xe1+[ p2 |*x1(0), applying e, yields C{e;) = [ p1 |*e1+[ p2 |*x1(e2).

Context matching over binary operators is inherently indeterministic. For example, matching
C(x(i)) against x;(i) + x2(i) yields valid contexts x;(i) + O and O + x,(i). We resolve this by
enforcing a strict lexicographical evaluation order on AST nodes: variables by name, then symbols,
terms, and expressions by order of appearance in their respective grammars. Consequently, O+ x, (i)
unambiguously matches first because x; precedes x,. We apply this canonical ordering across all
expression (C + t), term (C - t), and predicate contexts (C < e, ...).

We write unify (e, e2) = o when e; and e; are syntactically equivalent up to renaming of bound
variables, where o substitutes values for free variables (acting as identity on variables outside its
domain).

Rewriting expressions. We substitute index functions in to expressions by reduction over indexing
symbols (Sus), yielding nested guarded expressions. HoisT moves guards that are nested inside a
symbol to the root of the surrounding expression (the context C), provided that no guard depends
on a variable bound in C. The MECE property of guards ensures the transformation’s validity:

exactly one term in the sum )’ ; [ p; | equals 1 while all others equal 0.

Horsr Cr[V;pjl~ [true] bv(C) N (Uj fv(p;)) =0 Sun I'(x)=A(i:0..e5) . e3
FECXjlpjlxe)) = X;lpil=1-(Clej)) I'k Clx(e1)) — C{(es]i == e1]))
For example, given I'(x) = A (i : 0..e;) . [false| * n + [true] = i and [true]| * x(i) + [true] * 1, SUuB
steps to:

[true] = ([false]| * n + [true| = i) + [true] = 1
The nested guarded expression is then hoisted:
[false] 1 - ([true] = n + [true]| 1) + [true| =1 - ([true] = i + [true] = 1)
Multiplication of expressions distributes hoisted guards over the new nested guards:
[false] * ([ true] = n) + [false ] = ([true| = 1) + [true] = ([true]| = i) + [true] = ([ true] = 1)

This naturally preserves the mutually exclusive and collectively exhaustive (MECE) property. We
define multiplication of guards with other guards to yield logical conjunction. This generates all
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possible combinations of the involved guards, including contradictory guards. Guards are simplified
using boolean arithmetic and false-guarded terms are eliminated (see Appendix B.3.5):

[false A true | = n + [false A true | = 1 + [true A true | =i + [true A true| * 1 ~» [true| =i+ [true] =1

Rewrites enable automatic tracking of positional dependencies backwards to the formal arguments
of a function definition in this manner.

Rewriting index functions and queries. Term rewriting extends to index functions and queries,
enabling substitution and hoisting for these objects. An index function f’s body is rewritten under
I' extended with ranges implied by f’s domain.

| T+ Query, (¢) — Query, ()|

REWRITEBODY REWRITEQUERY
I,Range i 0..e;,0 < e; F e3 ~ e, IF'te—eé
TrA (l : 0..6‘1) . ey — A (l : 0..61) . €é T+ Q}leryx (e) — Qlleryx (e’)

B.3.5 Complete rewrite rules for index functions T + f — f’). REWRITEDOMAIN rewrites the
domain of an index function. In particular, this will substitute dimension sizes via Hoist. RecSum
rewrites recurrences introduced by scan into closed-form sums. The rule requires that O appears
exactly once in the recurrence step and not in the base case ([i = 0]) or summed terms. (Note }’ is
distinct from the sum symbol }|.) RECREPLICATE is like REcSuM except it matches the case where

the recurrence just replicates the base case.

REWRITEDOMAIN REWRITEBODY
T'ke~ e I',Range i 0..e;,0 < e1 F e ~> €
THA(i:0.e1).e2 > A(i:0..€]) . e FCHA(i:0.e1).eg > A(i:0.e1) . €
O does not occur in e; nor in Zj tj fresh x

RS T 0e) [0l 5+ 1205 (O +3t) > A 0.er) . eo[i = 0]+ X; sy (15[ = x])

RECREPLICATE
QO does not occur in e;

FTrA(i:0.e1).[i=0]xes+[i#0]x O> A(i:0..e1).e[i:=0]

B.3.6  Complete rewrite rules for index function expressions (I' + e — €’). JOINGUARDS joins guards
in disjunction when all of their terms are equivalent under either of the guards. QUERYPRED
queries predicates to prove them true. REWRITETERM rewrites terms under assumption of their
guards. FALSIFYGUARD and ELIMGUARD falsify and eliminate contradictory guards, respectively.
NEGUNHOISTABLEGUARD rewrites a sum symbol over negated predicate that cannot be hoisted to a
form that uses the non-negated predicate. This is a heuristic to aid reasoning about overlapping
sums of boolean arrays in the solver. INTEGERToBoOL rewrites guarded integers to a sum of integers
times guards. This normalizes source-level conversion of booleans to integers. SPLITSUM splits a
sum symbol into multiple sums symbol. SUMCONST eliminates a sum symbol when the summands
are constant with respect to the iterator variable. ELIMLEN replaces a |x| symbol for the size of x’s
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outer dimension when x is bound to an index function in I'. Recall that scalar index functions of
the form A () . e abbreviate A (i : 0..1) . e, so if x is bound to a scalar function, ey, is simply 1.
We also rewite predicates using standard Boolean algebra (not shown) such as reducing p A —p

to false.

Cr[V;pjl~ [true] bv(C)ﬂ(Ujfv(pj)) =0 Sun I'(x)=A(i:0..e5) . e3

Hoist
TECElpjlre) = Xjlpjl+1-(Clep)) I'k Clx(e1)) = C((es[i = e1]))
JoINGUARDS QUERYPRED
I,pirey~ e e unifies with e T + Query (p) ~q Yes
IEC(pil=ei+[palxe) = Cp1Vpl=ti) I'+ C(p) — C(true)
REWRITETERM
I,pre~e

T-C(plxey = Cplxe)

FALsIFYGUARD
Conjunctive normal form of p is p] A - -+ A p),.

Jhe{t,....n}. (T, Nieu..n)\(n) Pi F Query (=pp) ~q Yes) ELIMGUARD

,,,,,

I'-C(pl) — C{false]) T+ C([false] = e) — C(0)
NEGUNHOISTABLEGUARD
x € fv(p)
[+ C(OE,, ([true]  —p)) — C(LE,, ([true] = 1) + (1) - 272, ([true] * p))
INTEGERTOBOOL
TFr [ \/j pj] ~> [true] SpLITSUM

CHCX;pjl*n;) — Cj[true] = (nj - py)) T OO, (Zt)) = C(Xj 2%, ()

SuMCONST ELIMLEN
x ¢ fv(es) Dixtn (%) = A (i : 0..eq0m) - €x
TFC(,, (e3)) = C((ez —e1 + 1) - e3) I+ C(|x]) — Cledom)

B.3.7 Multi-dimensional index functions.

Variable x,v,z,i,j,k
Constant n,me€Z

Symbol s == [plxe|x||x||Xic(e) |x(e....e) | x7 (e,....e) | p|2°] %pleiax) | O
Predicate p == x| x(e,...,e) | true |false|—-p|e<e|pAp|pVp]|O
Term t ==n|s|s-t
Expression e u=t|t+e
Domain D ==i:0..e|i:0..e,D]|i:0..eXD
Index fun. f == A(D).e

Expression contexts are updated with the changed symbols. Order of evaluation for multi-
dimensional indexing is left-to-right, using the same logic as before: x(C,e, ..., e) is rewritten to a
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fixed point before x(e, C, ..., e) and so on.

C == 0| C+e|Ct][Clxe| |Cl|[pl«C | 2 ce) | XS (e) | 25 (C)
|  x(Ce,...,e) | x(e,C,...,e) | x(e,e,...,C)
| xY(Cee....,e) | x e C, ....e) | x'(ee...,C)
| 2¢ | %p(C) | -C | C<e|e<C | CAp|pAC|CVp|pVC

The corresponding rule changes are straightforward. For example, MAP becomes:

F(XZ) =1 (l : O..el,D) . €
fresh i’ [,Range i’ 0..e;,x; > A (D) . ex[i :=i'] FE~> (I",A(D’) . e3)

T'+map (Ax;.E) x; = (I,A (i’ : 0..e1, D) . e3)

nb-MApP

B.3.8 Complete rewrite rules for flattened domains. FLATTEN derives index functions for flattened
arrays, preserving their multi-dimensional structure in the domain. UNFLATTEN derives index
functions for unflattened arrays by exploiting multi-dimensional structure preserved via FLATTEN.
We know that the dimensions in question mut be regular (i.e, the inner dimension cannot depend
on the outer) because the source language does not support irregular arrays hence calling unflatten
on a flat representation of an irregular array would cause a type error.

Complete E° conversion rules (3/3) T'+E® > (1"’,]_‘)

FLATTEN
F(x) = (il : 0..61, ig : 0..€Z,D) . e3

I + flatten x — (T, A (i1 : 0..e; X i5 : 0..e5, D) . e3)

UNFLATTEN
I'(x) =A(i;:0..e; X ip:0..e5,D) . e3

I + unflatten x — (I, A (i; : 0..e1, i3 : 0..e5, D) . e3)

PROPFLATTEN propagates flattened domains to index functions that index into them, rewriting flat
indices to use the flattened domain’s variables, when the flat and non-flat domains range over the
same flat indices. ELIMLENFLAT is like ELIMLEN but returns the total length of the flat dimension
(the size of the corresponding array in the program). SUBFLAT substitutes index function bodies
across flattened dimensions, introducing %p (e;gy) to express outer dimension indices in terms of

flat indices.

' F(x) =2 (12 :0..e2 X i3 : O..€3) . ex
fI’EShj I'+ 23‘2:_01(63 [i2 = ]]) > €row 'k Q}.ICI'Y (61 = erow[iz = 62]) ~Q Yes
TrA (il : 0..61) . C(X(eidx» - A (iz :0..ep X i3 : 0..63) . C(X(eidx)>[i1 = €row T+ i3]
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ErimMLENFLAT
. . i1—1 . .
[(x) =A(i1:0..e1 X iy:0..5) . e Tk Z;}:o (eg[iy := j]) ~ e3

[+ C(lx[) = C(es)

SuBFLAT )
F(x) =A (11 1 0..e5 X ig : 0..63) . €ex freshj T Z?:—Ol(e_?,[il = ]]) > €row

I'F C{x(eiax)) = Clex[i1 := %iy0.e;xip0..e5 (€idx)s i2 = €idx = €rowli1 = %i;:0..epxig:0..e5 (€iax) ]])
Idealy we want to convert %,:0._e,xi,:0.e, (€idx) to a value for i;. In general, this would lead to
non-linear arithmetic (i.e., division) which our solver does not support.

Common index expressions do, however, admit static solutions to %;,...e, xi,:0..¢, (€idx) While
avoiding non-linear arithmetic. When substituting an indexing operation into a flattened multi-
dimensional array, we use three rules that address specialized cases by solving the following
equation for i;:

2 %ig0..e1 Xig0..ep (€idx ) =1

Ciax = 0,0 (elii=0)+i (0<i<e) (1)

SorvEelpx1 finds these solutions by checking bounds via the solver. (This is undecidable.) While
SorveIpx2 and SorLvEIDX2 check whether e;4, is syntactically equivalent with the start or the end
of a segment (e; and e, respectively). (This is decidable.)

Without static solutions, P? exploits 0 < %;0_e;xj:0..¢,(€3) < ez when e, is independent of iy,

which holds for regular arrays.

SoLvEIDXx1 '
unify (i; : 0..e; X iy : 0..e5, D) =0 fresh j T+ Z;}:—Ol(ez[il = j]) ~ erow
(T, Range i; 0..e;, Range i 0..ez) + Query (0 < o(ejgx) — €row < €2) ~>q Yes

THA(i;:0..e1 Xis:0..e2).C{%p(eigy)) = A (i1 : 0..e; X iy : 0..e3) . C(i1)

SoLvEIDx2
unify (i; : 0..e; X iz : 0..e2, D) =0
fresh j I Z?:—ol(eZ [i1 == j]) ~ erow unify (erow €iax) = {i1 = eii}

I+ A :0..e1 X2 0..€2) . C{%p(€iax)) — A (i1 : 0..ey X i : 0..e2) . C{a(e)))

SoLvEIDX3
A unify (i; : 0..e; X iz : 0..e5, D) =0
fresh j 'k 23-1:701(62 [i1 := j]) ~ erow unify (e [i1 := i1 + 1] = 1, ejq) = {i1 = ei;}
TrA (11 :0..e1 Xiy: 0..62) . C(‘T';D(eidx)> — A (11 :0..e1 Xiy: 0..62) . C(O’(eq))

For example, in the below program, FLATTEN is used to derive x’s index function and PROPFLATTEN
is used to derive y’s index function.®

let a = map (Ai.map (Aj.i+j) (0.m)) (0.n) a=A(i:0.n,j:0.m) . i+j
let x = flatten a x=A@G:0.nXj:0.m) . i+]j
let y = map (Ak.x[k] +1) (0..n* m) y=A(@{:0.nxXj:0.m) . i+j+1

The above shows normalized index functions for each program variable; via MAP, y’s index function

®For brevity, we allow nesting expressions inside map without a let-binding here.
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is initially y = A (k : 0..(n - m)) . x(k) + 1. PROPFLATTEN then rewrites the domain to x’s domain:
y=A@:0.nxj:0.m).x(i-m+ j)+ 1. Rule SuBFLAT replaces x(i - m + j) with x’s body,
expressing i as %;0.nxj:0.m (i - M+ J):

Y=AG:0.nXj:0.m) . T mxjom(i-m+j)+ (i M- Zl:”;‘)’“"”i““”’“""”)‘l(m)) +1

Here the equation simplifies %;,:0.e, xiy:0..e, (€idx) t0 i - M + j = %i0_nxj0.m(i - m + j) - m + j which
means %;..nx j:0..m (i - m+ j) is equal to i. More generally, SoLvEIDX1 finds this solution by checking
that the index expression lies within the ith row’s bounds—normalizing this unwieldy form to:

y=A(:0.nxj:0.m).i+j+1

Even without static solutions,’ P? exploits 0 < %;.0_e, xj:0..¢, (3) < €2 when e, doesn’t depend on iy,
which is the case for flattened regular arrays. (Below we let the inner dimension depend on the
outer, hence the sum in Eq. (1).)

The rules assume 1- or 2D arrays. Generalization to n dimensions is straightforward for FLATTEN
and SUBFLAT, but requires heuristics for other rules due to ambiguities.®

Augmenting the remaining rewrite rules to handle flattened domains is straightforward. For
example, below, SEGRECSUM and SEGRECREPLICATE make use of information in the flattened domain
to recognize scan applied over the rows of flattened arrays (segmented prefix sums).

SEGRECREPLICATE
O does not occur in e3

Tk /1(11 :0..e1 X iz : 0..62) . [12 :0] * e3 + [12 * 0]* O— A(ll :0..eq Xiz : 0..62) . €3[i2 = 0]

SEGRECSuM
O does not occur in e3 nor in 3}; t; fresh x

r l—/l(l'l :0..e Xyt 0..62) . [iz =0]*€3+[i2 ;‘&0] * (Q + thj)
— A (i1 :0..e X iyt 0..62) . 63[i2 = 0] + Zj Z;Zzl(tj [iz = x])

B.3.9 Simplified rewrite rules for flattened regular arrays. We give simplified rules for handling
flattened index functions that describe only regular arrays. The rules shown above generalize these
to cover both regular and irregular arrays by replacing iy - e; for I' Z;;;l (ex{i; — 1}) ~ ey and
e; = ey - e3 for e; = ey, {i; > €2 — 1}. The rules in above essentially reduce to these rules when

i1 ¢ fv(ey). (Only the rules above are required.)
PROPFLATTEN-SIMPLIFIED
I'(x) =A(iz:0..e5 X i3:0..e3) . ey is ¢ fv(es) T+ Query (e; = ey - e3) ~q Yes
T'rA (l] : 0..61) . C(x(eidx)) - A (iz :0..e5 X i3 : 0..63) . C(X(eidx)>[i1 =iy-e3+ 13]

SOLVEIDX1-SIMPLIFIED
(T, Range i; 0..e1, Range iz 0..e;) F Query (i1 - ez < ejgyx < i1 - €2 + €3) ~>q Yes i1 ¢ fv(ey)

T'rA (i1 :0..e1 Xiy: 0..62) . C(‘,,}?el,ez(eidx)) — A (il :0..e1 Xiy: 0..62) . C<11>

7 Additional rules for solving the equation appear in the appendix.
8For instance, D in %p (-) might unify with multiple flat dimensions, and PROPFLATTEN must choose which dimension
inherits the flattened structure.
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SOLVEIDX2-SIMPLIFIED
unify (iy - e, ejax) = {i1 = e;,} iy ¢ fv(ez)

TFA(:0..eg Xip:0..62) . C{%e,e,(€idx)) — A (i1 : 0..€1 X iz : 0..e2) . Ce;,)

SOLVEIDX3-SIMPLIFIED
unify (iy - e +e3 — 1, ejgx) = {i1 > e} iy ¢ fv(ey)

TrA (11 : 0..@1 X iz : 0..62) . C<(;€1,Ez(eidx)> — A (11 : 0..61 X iz : 0..@2) . C<6i1>

SUBFLAT-SIMPLIFIED
F(x) =1 (i2 :0..ep X i3 : 0..83) . ex ir & fV(€3)

I'F C{x(eigx)) = Clexliz := Lj7e1,ez(eidx)a i3 1= €igy — %eye, (eiax) - es])

B.4 Property layer

B.4.1  Property verification (T + P —po, (I, A)). Properties are verified either by expanding the
proof obligations into (in)equalities discharged by the algebra layer (low-level reasoning), or by
reasoning in terms of other properties in the environment (high-level reasoning).

We formalize both levels of reasoning in the —p,, relation. The judgment I - P —po, (I, A)
asserts whether P verifies under environment I" and that its verification extends I' to I'". The only
environment update needed for our system to function is to add P to I when the answer A is
Yes. An obvious optimization would be to also add properties proven during verification of P. For
example, to prove bijectivity, we often first prove injectivity.

High-level rules. The high-level rules are tried before the low-level rules because they are often more
powerful (e.g., can prove properties on uninterpreted functions) and are often computationally less
expensive. The low-level rules are tried when no high-level rule applies. The names of low-level
rules are prefixed by QUERY to discern them from high-level rules. Note that high-level rules may
use low-level rules to verify premises that use the —p,, relation and vice versa.

We support lists of properties in postconditions (the source-level 7 gets parsed to P), in which
case each property has to hold and is verfied left-to-right while assuming preceding properties
(L1sTOFPROPERTIES).

KNOWNRANGE says that a range property is verified if it already exists in I'. Similar rules can be
defined for all the other properties.

FILTPARTPRESERVESRANGE says that filter and partition operations preserve range properties.
Specifically, it verifies verifies a range property on an index function x; by first verifying that range
property on an index function x; when x; is the result of filtering/partitioning x,. This is useful
because x; may be uninterpreted and hence a query for the range would be unprovable and because
the range property may already be in I for x, and hence verified via KNOWNRANGE.

Similarly, FILTPRESERVESMONO says that filter preserves monotonicity properties, FILTPARTPRE-
SERVESINJ says that filter and partition preserve injectivity, and FILTPRESERVESBIJ says that filter
preserves bijectivity.

INJSUBSET verifies an injectivity property for an index function restricted to the preimage of
codomain Y; using a known injectivity property that restrictes that function to the preimage of
codomain Y, given that Y; C Ya.

B1jSuBSET is like INJSUBSET but for bijectivity which further requires that the images Z; and Z;
are equal. Since Z, C Y, from the already-established bijective property, further requiring Z; = Z,
and Y; C Y, then givesus Y; — Z; = 0.
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InJFrROMBIJ uses that a bijective function is also injective to verify injectivity. Specifically, it
verifies an injectivity property for an index function x; restricted to the preimage of Y; using that
x1 is bijective when restricted to Y (a property already in I') and Y; C Y5.

FiLTERINJ verifies that x; is injective given that it is the result of filtering an array x; by a
predicate p. The rule premises ensure that x;, restricted to the indices for which p is true, is an
injective function. This is again useful because x; may be uninterpreted, but the restriction of x,,
constructed in the premises, is not and therefore queries over that function may succeed. We use L
to mean some sentinel value not in Y (it’s straightforward to pick one given Y); cases generated
with this value then hold trivially (e.g., in QUERYINJEQ).

FILTERRANGE is like FILTERING, but for range properties.

InyConcarT verfies that x; is injective given that it is a concatenation of two index functions f
and f;. The rule premises ensure that f; and f, are both injective and that their images are disjoint.

MonoConcaArT verfies that x; is monotonic given that it is a concatenation of two index functions
f1 and f2, which are themselves monotonic and for which f; maps to values that precede f>’s values.

Complete property verification rules (1/4) (high-level) ‘ L'+ P —pp (I, A) ‘
LisTOFPROPERTIES
T'F Py —prop (I7, Yes) Ly_y F Py —prop (I, Yes)

Tk Py...Py —prop (T}, Yes)

KNOWNRANGE
1—‘Range(x) = (e, €2)

I' - Range x e;..e; —prop (T, Yes)

FILTPARTPRESERVESRANGE
Trittpart (x1) = (x2, fi, (f2s - > fn) I + Range x e1..e; —prop (I, Yes)

' - Range x; ej..e; —prop ((T, Range x; e;..e3), Yes)

FILTPRESERVESMONO
Tritpart (x1) = (x2, f1, (A (D) . true, A (D) . false)) ' F Mono x; < —prop (I, Yes)

I' - Mono x; < —prop ((T, Mono x; <), Yes)

FiLTPARTPRESING
Titpart (x1) = (x2, f1, (f2r - - +» fn) T FInjxs Y —prop (I7, Yes)
T+ Injx; Y —prop (T, Inj x7 Y), Yes)

PARTPRESERVESBIJ
1-‘FiItPart(xl) = (xZaA (D) . true, (fl, cee ;f;z)) I'rBijx Y Z —Prop (r,> Yes)

T+ Bij x; Y Z —prop (T, Bij x; Y Z), Yes)

INJSUBSET
Lnj(x) =Y, I+ Query (Y} € Y2) —q Yes

T+ Injx Yy —pp ((T,Inj x; Y1), Yes)

B1jSUBSET
Iij(x) = (Y2, Z2) T+ Query (Z; =Z, AY; C Yy) —q Yes

I'+ Bij x Yy Zy —prop (I, Bij x Y1 Z1), Yes)
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InyFrOMBI)
rBij(xl) =(Y2,2) T+ Query (Y; € Y) —q Yes

I+ Inj x; Y1 —prop (T, Inj x; Y1), Yes)

FrLTERINY

Tritpart (1) = (x2, A (i1 : 0..e1) . p, (f1,-- -, fo)) [(x2) =A(i2:0..e1) . e
fresh X3 TrA (iz : 0..81) . [p[ll = 12]] *XZ(iz) + [—lp[i1 = 12]] * 1L~ f
[x3 > frInjx3Y —pp (I, Yes)

T+ lInjx; Y —prop (T, Inj x7 Y), Yes)

FiLTERRANGE
Trite (x1) = (2, A (i1 : 0..e1) . p, (A (D) . true, A (D) . false)) T(x2) =A(i2:0..e1) . ez
fresh x3 TrHA(p:0.e1).[pliy:=i2]] % x2(ip) + [—p[iy :=d2] | % L~ f
I,x3 = f F Range x3 Y —pop (I, Yes)

'+ Range x; Y —pyop ((T',Range x; Y), Yes)

InyConcAT
I'(x1) =fi++f fresh x5, x3
[x; = fikInjxz Y —pop (I, Yes) [,x3 = foFInjx3Y —pp (I, Yes) fresh i, j
T,x; — fi,x3 — f>,Range i 0..e;, Range j 0..e; F Query ([x2(i) € Y A x3(j) € Y] * x2(i) # x3(j))

T+ Injx; Y —prop ((T,Inj x7 V), Yes)

MonoCoNCAT
T(x))=fi++ 1o fresh x, x3 T,x; = fi F Mono x; < —prop (I, Yes)
T, x3 = f - Mono x3 < —prop (I, Yes) T, %3 — fi,x3 = fo+ Query (x3(|x2] — 1) < x3(0))

'+ Mono x; < —prop ((T, Mono x; <), Yes)

NoPror

T+ True —prop (T, Yes)

(More inference rules are given for this judgment below.)

Low-level rules. QUERYRANGE reifies the proof obligation for Range x e;..e; by querying the solver
to verify that the values of x; are in {e,...,e; — 1}.

QUERYMoONO reifies the proof obligation for Mono x < by querying whether x(i) < x(j) for
i < j in the domain of x.

QuerYEqulv reifies the proof obligation for Equiv x e, simply checkign that x has a scalar index
function and that its value equals e.

QuEerYINJEQ and QUERYINJNEQ together reify the proof obligation for Inj x Y. The premises build
a sufficient query at two (different) indices. The restriction of x to the preimage of Y is encoded
using a a guard on the queries expression (x(i) € Y A x(j) € Y). The solver may either disprove
this guard or assume it and prove the corresponding predicate expression to prove the query.

QUERYBIJ reifies the proof obligation for Bij x Y Z. Like in QUERYINJEQ/NEQ, the bijectivity
is restricted to the values in x’s domain that map to the set Y. The first premise checks that x is
injective when restricted to the preimage of Y. The second premise checks that the image Z is a
subset of Y. The remaining premises check that the number of indices that x map to Y equals the
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size of the image Z. Together with the injectivity requirement, this ensures that restricting x to the
preimage Y results in a bijective function with image Z.

Specifically, the third premise looks up the index function of x, which is assumed to have been
rewritten to a fixed point already. The fourth premise checks that the solver can show that each term
in the guarded expression for x’s body is in Y or not in Y. While this query is clearly a tautology, our
solver may return Unknown for either disjunct in which case the entire query returns Unknown.
(We spefically disallow rewriting the query by using the single step —( relation rather than the
rewrite-then-query ~»q relation, which may rewrite the query to true using boolean algebra.) Once
we know that the solver can show whether each term is in Y or not, we can use the rewrite system
to discriminate in-bounds terms from out-of-bounds terms. In the fifth premise, construct an index
function that identifies the terms that are in Y from those that are not: for all in-bounds terms
e;j € Y is rewritten to true. The rewrite rule JoINGUARDS will join all those terms under one guard
because their value (true) does not depend on the guard. The remaining guards correspond to the
out-of-bounds indcies. We use X to denote some subset of the term labels corresponding to the
in-bounds terms. The remaining premises construct a count using the corresponding predicates
and check this count against the size of Z.

QUERYINVFILTPART reifies the proof obligation for

InvFiltPart x Z (A (i: 0..e) . py) (A (i:0..e) . p1,...,A(i:0..€) . pp).

The first premise checks that x is an array of permutation indices: x restricted to the preimage of Z
is a bijection Z — Z. The second premise checks that the size of Z equals the number of elements
that remain after filtering x by p¢. The third premise looks up the index function of x to get its
domain. The fourth premise checks that the partition predicates py, . . ., p, are mutually exclusive.
To keep the rule readable, we write Vq,r € {1,...,n} .q < r = ... to generate "<n2_1) queries
for all combinations of g and r where g < r. This is not part of the query itself. Similarly for the
remaining premises. The fifth premise ensures that permuting an array by gathering its values at
indices x yields a stable filter and/or partition (i.e., order is preserved after filtering and within each
partition). This is done by checking sortedness of the index array x within each partition for g = r.
The fifth premise also ensures ordering across partitions: x permutes indices so that partition 1
comes before partition 2, and so on, when i < j and x(i) is in a partition that precedes x(j) (i.e.,
queries where g < r). The sixth premise analogously ensures ordering across partitions when i < j
and x (i) is in a partition that succeeds x(j) (i.e., queries where g > r).
QUERYFILTPART reifies the proof obligation for

FiltPart y x (A (i: 0..e) . pr) (A (i:0..€) . p1,...,A(i:0..€) . pn).

The first premise checks that y is the result of filtering x by py using a scatter. Filtering using
scatter yields an index function of the shown form via SCATTER1 or SCATTER2 (a gather over an
index array z~1). The second premise checks that the index array z is an inverse filtering partition.

Complete property verification rules (2/4) (low-level) L'+ P —pp (I, A)

QUERYRANGE
Dixtn(x) = A (i : 0..eg0m) - €x I',Range i 0..egom + Query, (e; < e, < e2) ~>q Yes

I' - Range x ej..e; —prop ((T, Range x e;..e3), Yes)



22

QUERYMoONO
lixn(x) =A(i:0..€1) . €2
fresh j I',Range j 0..e;,Range i 0..j + Query, (x(i) < x(j)) ~q Yes

I' + Mono x < —prp ((T', Mono x <), Yes)

QuERYEQUIV
Tixn () =1 () . ey I+ Query, (ex =e1) ~>q Yes
' + Equiv x e; —prop ((T, Equiv x e7), Yes)

QUERYINJEQ
Dixfn(x) =A (i : 0..e1) . e fresh j
T, Range i 0..e;, Range j 0..e; F Query ([x(i) € Y Ax(j) € Y Ax(i) =x(j) ]| % (i = j)) ~q Yes

T'rlInjxY —pop ((T,Inj x Y), Yes)

QUERYINJNEQ
Dixin(x) =A (i : 0..e1) . e fresh j
I',Range i 0..j, Range j 0..e; F Query, ([x(i) € Y Ax(j) € Y] * (x(i) # x(j))) ~>q Yes

I'HlInjxY —pop ((T,Inj x Y), Yes)

QUERYBIJ
TFInjxY —pp (T, Yes)
T + Query (eza..ezb - Y) ~q Yes Dixfn () =A (i : 0..gom) - [p1]xer+ -+ [pn] xey
[p1l*(e1€eY Ve ¢Y)

I',Range i 0..e4om - Query|1... —q Yes
[pnlx(en€Y Ve, ¢Y)
[p1]=(e1 €Y) [ Vjex pjl*true
TrHAG:0.eqom). 3... ~  A(i:0..eq0m) .
[pn]*(en € Y) Zje{l ..... n}\X [Pj]*e;
where X is some subset of {1,...,n}
fresh k '+ sz:oom(zj'expj[i =k]) ~ ey,
r F eZb - eZa ~ eZsize r F Ql’lery (eZsize = exsize) ’\/)Q YeS

I'+BijxYez,.ez —pop (IBijx Y ez,..ez,), Yes)

QUERYINVFILTPART
Tixin(x) = A (i : 0..eqom) - €x I+ Bij x ez,..ez, ez,..ez, —prop (I, Yes)
fresh k T + Query (eZb —ez, = ZszlO(pf[i = k])) ~q Yes
Vg, r € {1,...,n} . q <r = (T,Range i 0..e4om + Query (=pq V =p;) ~>q Yes) fresh j
Vgre{1,...,n}.q<r=(

I',Range i 0..j, Range j 0..e4omm F Query ([pq Apeli=jl Apr Apeli= 11+ (x(i) < x(j))) ~q Yes)
Vg re{l,...,n}.qg>r=(

I, Range i 0..j, Range j 0..e4om + Query ([ pg A pr[i := j] Apr Aprli=jl1= (x(i) > x(j))) ~q Yes)

[+ InvFiltPart x ez,..ez, (A (i : 0..e4om) - pr) (A (i :0..€q0m) - P1,---- A (i : 0..€qom) - Pn)
—prop (T, InvFiltPart x ez,..ez, (A (i : 0..eqom) .pf) (A :0..eqom) - P1,---» A (i : 0..g0m) - Pn)), Yes)
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QUERYFILTPART
Tixin (y) = A (i 0.2, (py(1)) - [true] = x(z7'(i))
T + InvFiltPart z 0..2;;0(pf(i)) (A(i:0.e1) .pr) (A(i:0.1) . p1,...,A(i:0..e1) . pn) ~ (I, Yes)
T+ FiltPart y x (A (i:0..e1) . py) (A(i:0..e1) . p1,...,A(i:0..e1) . pp)
—prop ((I, FiltPart y x (A (i : 0..e1) . pr) (A(i:0..e1) . p1,...,A(i:0..e1) . pn)), Yes)

(More inference rules are given for this judgment below.)

Property verification over array rows. The For property makes it possible to express other properties
over the inner dimensions of an array. The For rule creates a new index function by dropping the
outer dimension, then verifies P over this function where i; is a free variable. One rule handles all
properties over multi-dimensional arrays. The rule simply recurses until the property P is not For,
in which case the rules previously presented are tried.

A rule similar to For could match flattened dimensions. (We don’t use this in the paper.)

FiltPart and InvFiltPart over flattened arrays must be handled specially because the predicate ar-
guments, which are represented as index functions, must also have their outer dimension "dropped".
We give rules for 2D flattened arrays, which is used in the evaluation.

FOR-INVFILTPART-FLAT and FOR-FILTPART-FLAT are like QUERYINVFILTPART and QUERYFILTPART
except over flat 2D arrays. Specifically, FOR-INVFILTPART-FLAT checks that the index function of
x1 is a flat 2D array, that the predicate index functions range over this flat domain, and rewrites
each predicate index function into new index functions where the "outer" dimension is droppped.
The results are then used to prove InvFiltPart over a new one-dimensional index function where
the "outer" dimension k is a free variable with a range property on it. Specifically, FOR-FILTPART-
FraT checks that y is of the expected form discussed for QUERYFILTPART, that the predicate index
functions range over y’s flat domain, infers the size of the filtered flat array and then uses this to
construct the image Z when proving InvFiltPart.

Complete property verification rules (3/4) L'+ P —pp (I, A)

T(x1) =A (i1 : 0..e1,iz : 0..e0,...,0n : 0..€y) . €x fresh x,
I, Range k 0..e;,x = A (i3 : 0..ea,...,in : 0..€,) . ex[iy := k] F P(x2) —prop (I”, Yes)

'+ For (k : 0..e1) P(x1) —prop ((I', For (k : 0..e1) P(x1)), Yes)

For

For-INVFILTPART-FLAT
T(x;) =A(i;:0..e; Xip:0..e3) . ey fresh x», j T + Query (63 = Zf:;ol(ez)) ~q Yes
I Range k 0..e; - A (iz : 0..e2) . prliz = Zf;ol(ez[il =j]) +iy] ~ ﬁ,f
I, Range k 0..e; F A (lz : 0..62) - P1 [13 = 2.1;;01(62[1.1 = ]]) + 12] ~> fPl

I',Range k 0..e; + A (i : 0..e2) . puis := Zﬁol(ez[il =j]) + izl ~ fp,
T, Range k 0..e1,x2 > A (iz : 0..e2) . ex[i1 := k] F InvFiltPart x; prf (fors -5 Son)

'+ For (k : 0..e;) (InvFiltPart x; Z (A (i3 : 0..e3) . pr) (A (i3 : 0..e3) . p1,..., A (i3 : 0..€3) . pn))
—prop ((T', For (k : 0..e1) (InvFiltPart x; Z (A (i3 : 0..e3) . pr) (A (i3 : 0..e3) . p1,..., A (i3 : 0..e3) . pn))), Yes)
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For-FILTPART-FLAT
T(y) =A(iy : 0..e; X ip : 0..e5) . x(z7 " (eiax)) fresh ji, j2, j3
eidx unifies with Z;.ll;é(ez[il = j1]) + iy I + Query (e3 = Zf:z_ol(eg)) ~q Yes
I,Range k 0..e; - 352020 (ppliy = 32 (ealiy = js]) + J2]) ~ €ten
T+ For (k : 0..e) (InvFiltPart z (ejen..€en[k := k + 1]) (A (i3 : 0..e3) . pr) (A (i3 : 0..€3) . p1, ..., A (i3 : 0..e3) . pn))

[+ For (k : 0..e;) (FiltPart y x (A (i3 : 0..e3) . py) (A (i3:0..e3) . p1,..., A (i3 : 0..e3) . pn))
—prop (I, For (k : 0..e1) (FiltPart y x (A (i3 : 0..e3) . pr) (A (i3 : 0..e3) . p1,..., A (i3 : 0..e3) . pn))), Yes)

(More inference rules are given for this judgment below.)

Failure to verify. Finally, properties fail to verify if none of the displayed rules match.

Complete property verification rules (4/4) L'FP —ppp (I, A)

PropFAIL
No other rule applies.

T+ P —prp (T, Unknown)

(End of relation.)

B.4.2  Property inference (T + (y,E®) —|ufer I’). The property layer infers properties from the
source code using the — ., relation. The judgment T + (y, E?) —nfer I” says that y bound to E®
updates I' to I'” with inferred properties. AppPPROP instantiates a function’s postcondition for an
application of that function.

WHaiLELoorPProP and FORLoopPPRoP are like APPPROP, but for loops. All loop restricitons on pre-
and postconditions have already been checked in their conversion rules WaILELOOP and ForLoop.
But because the loop invariant (pre/postconditions) were checked under the assumption of the
loop conditions (x;, is true for while loop and B is positive)—and those conditions may never be
true (and also go out of scope in the for-loop case)—we check it once more on the initial values
without extending I'.

If no other rule applies, INFERNOTHING infers nothing,.

Complete property inference rules

AppPrOP
rDef(F) = ((xiapl) e (xylp Pn): (y,a PpOSt);f)
'k (y,F X1 ... xn) Infer T, Ppost [x{ =X sxyll = Xn, y/ = y]

WHILELooPPROP -
" g™
Toet (F) = (<", ), (y" ", P""), )
T+ Pi[y; == x)] —prop (I7, Yes) T+P Yy, =x),...,1, = x0] =prop (I, Yes)

n

— — — . = ! pIr,. YA ’
T+ (@™, Floopx™ =x0 while x, do FX™) = e T', P[¥} := t1], .. ., PL[Y} = Y1 . ., Yy = Y]

ForLooprPror -
T\ —(n) —;(n)
Ipef(F) = ((x’,P) " (xn+1, Range xp41 0..€1), (y "p " ),_)
T+ Pi[y; == x}] —prop (I, Yes) T+P [y, =x),..., 1, = xp] =prop (I, Yes)

Ik @™, 1oop ™ = 30" for x4 < Bdo FE™™Y) oo T Py, 1= 1], -, oY 5= 1o Y 5= 1]
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INFERPART
T(z) = A (i1 : 0.y, |) - [true ] = xp0(x; . (i1)) Tiij(xiax) =Bij Y Y

T(xigx) =A@ :0.e1xyy) - [P1]l e+ ...+ [pn] xe, fresh j(q+1)

fo=2A(jo:0.e,,) - true Vg=1...n: fg=2(jg:0..e;x44]) . pgli := jgl
T F InvFiltPart Xing Y fo (fis ..., fu) —prop (I, Yes)

T F (z,scatter x4 Xigx Xval) —infer Is FiltPart z xyq fo (fi, -+, fn)

FILTPARTPRESIN]’
Tritepart (1) = (2, fi, (f2s - - -5 fn)) INFERNOTHING
Ij(x2) = Inj x, Y No other inference rule applies.
'k (xl,_) lnfer I, InJ xY I'r (y, E®) lnfer

Property inference can readily be extended. For example, two bijectivity properties can be unified
over a conditional expression whose branches are variable names bound before the conditional
(i.e., they do not depend on x.):

BijOVERCONDITIONAL
Tgij(x1) = (Y1, Z1) Igij(x2) = (Y2, Z2) I+ Query (Z; =Z, AY; C Ys) ~>q Yes

I + let x5 = if x. then x1 else x3 in E — e T, Bij Xpes Y1 Z1

(And similarly picking Y, to be smaller.)

SOAC:s like reduce-by-index also admit inferring properties even when we cannot create an index
function for it. For example, reduce-by-index with min/max operator allows us to infer the range
of the result as the union of ranges of the neutral element and argument arrays. Reduce-by-index
with addition and a constant array similarly lets us infer ranges.

B.4.3  Queries over multi-dimensional index functions. For each query over a 1-dimensional index
function, an n-dimensional index function x; requires 2" — 1 queries as shown in the paper. The
corresponding low-level rules for Range, Equiv, Mono and Inj properties are straightforward to
write down but very verbose. (See QUuERYMono0-nD below.) Supporting low-level multi-dimensional
rules for Bij, InvFiltPart and FiltPart is beyond the scope of this work, but most high-level rules
already support multiple dimensions.

QUERYMONO-nD
Tixn (1) = A (i1 : O..eq,ip : 0..ez, ..., in : 0..€,) . €poay  fresh ji, jo, ..., Jn
(T, Range j; 0..e1, Range i; 0..ji, Range j» 0..e2, Range iz 0..eq, . . ., Range j, 0..epn, Range iy 0..ey,) F Query (x; (iy, ..., in) < x1(j1,--->» Jn)) ~q Yes
(T, Range j; 0..e1, Equiv ji i, Range jz 0..e2, Range iz 0..ja, ..., Range j, 0..e,, Range iy 0..e,) + Query (xi (iy,. .., in) < x1(j1s---» Jn)) ~q Yes

(T, Range j; 0..ey, Equiv j; i1, Range j» 0..ez, Equiv jz ip, . . ., Range j, 0..epn, Range in 0..j,) F Query (xy(iy, ..., in) < x1(Jis-.-» Jn)) ~q Yes

T+ Mono < x; —pop I, Mono < x;

B.4.4  Rewriting queries continued: Equality solving. The algebra layer does not a have a syntactic
notion of equality and does not have the capability to reason at the level of properties. Therefore,
equality queries are augmented with transitive equalities and equalities inferred from properties
before being relegated to the algebra layer. For example, the below rule uses x’s injectivity to equate
two indexing expressions.

I' F Query,. (e) — Query, (e’)

REWRITEQUERYINJEQ
Dipj(x) =Y I'FQuery (e € YAey€Y)

I'+ Query,. (x(e1) = x(ez)) — Query,, (x(e1) = x(ez) A e; = e3)
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B.5 Algebra layer
B.5.1 Algebra language syntax.

Set of variables X

Array a == x|V, X
Symbol s == x|ale] | X ale:e]
Term t ==n|s|s-t
Expression e :=1t|t+e

B.5.2  Leading variables. The leading variable is defined as follows

Iv(x) = {x}
v(v.X)=X

Iv(ale]) =1v(a)
v(XY ale; : es]) =1v(a)

B.5.3  Simplification strategy. The full set of rules used by the algebraic solver to normalize lowered
expressions are shown in Appendix B.5.4.

Judgments A + s — e rewrite symbol s, which may be nested inside an expression e. Rules Equiv1
and EQuiv2 replace a symbol with its binding in Agquiv. (In EQUIVZ, just one symbol has to be 1 to
make the disjunction 1.) EMPTYSUM replaces sums of provably empty slices with 0. EXTENDSUM
extends a sum slice with an end index bound in Agquiv. (An analogous rule exists for the end of a
slice.) The slice’s lower bound must be at most 1 greater than its upper bound, which guarantees
that the extended slice contains said element. SINGLETONSUM collapses a singleton slice to an index
while doing away with the sum. PEELEQUIV1 and 2 extract off an index bound in Agqyuiy from the
beginning of a sum slice. (Analogous rules exist for the end of a slice.) PEELONRANGE, extracts an
end-of-slice-sum index that has a more specialized range than the one of the whole array. (Only
used in the solver algorithm).

Judgments A + e — e rewrite any two (not necessarily adjacent) terms in an expression.
JoIinSums1 rewrites two sum slices that are in continuation of each other into one sum, requiring a
similar side condition to EXTENDSUM. JOoINSUMS2 extends a slice sum with an end index. JoINSuMs4
simplifies two overlapping sum slices over arrays of disjunctions, whose sequences of variable
names do not overlap, but are in the same A, class. ELIMSUMOVERLAP eliminates the common
part of two overlapping sum slices that are subtracted. (An analogous rule handles the case where
e; < e3 < e4 < e2.) EXTRACTSUMOVERLAP extends this simplification of slice-sum subtraction to
arrays of disjunctions. (An analogous rule handles the case where e; < e3 < e, < e4.)

Simplify() applies these rules in the following order until a fixed point is reached:

1) Equivl, EQuiv2, EMPTYSUM.

2) EXTENDSUM to a fixed point.

3) JoinSums1-3, ELIMSUMOVERLAP, EXTRACTSUMOVERLAP to a fixed point.
4) EMPTYSUM

5) SINGLETONSUM, PEELEQUIV1-2, EMPTYDISJUNCTION, to a fixed point.

6) PEELONRANGE.

P

PEELONRANGE is applied to increase the accuracy of the solver. When rewrites are used to normalize
expressions (outside the solver algorithm), PEELONRANGE is not applied.
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Appendix
B.5.4 Complete algebraic rewrite rules.
Equivl Equiv2 EmpTYSUM
Agquiv(s) =e Jdiel,...,n. Agquivixife]) =1 Solve(A, e; > e3)
Ars—e ArV {x1,...,xn}t[e] =1 A+ Y ale;:e] =0
EXTENDSUM SINGLETONSUM
Atrale;—1] > e3 Solve(A,e; < ey + 1) Solve(A, e; = e;)

Av Y ale;:e] & Yaler—1:e] —e3 A+ Y aler : ex] — aleq]

PeeLEQuIV1 PeELEQUIV2
Agquiv(aler]) = e3 Solve(A, e; < ey) At+ale] — 1 Solve(A, e; < ey)
A+ Y ale;:e] = Yaler+1:e] +e3 AvYale;:e] = Yaleg+1:e] +1
PEELONRANGE
EMPTYDISJUNCTION a ¢ dom(ARange) ale;] € dom(ARange) Solve(A, e; < ey)
ArVv, {} >0 A+ Y ale; :es] — D aler ey —1] +ales]
JoinSums1
Solve(A,es +1=e3A(eg<ex+1Ves<es+1))
Art-Yaler:e]+t-Yales:e] > t-) aler: eq]
JoinSums2
Solve(A,es +1=e3Ae; <ey+1)
Art-Yale;:ex] +t-ales] >t ale:ey+1]
JoinSums3
Solve(A,e; —1=e3Ae; <e +1)
Avrt-Yalej:e] +t-ales] > t-> aleg—1:es]
JoinSums4

Uxex A1(x) = Uyey AL(y) Xny=0 Solve(A,e; < e3 < e; < ey)

Art-2(ViX)[er:ex] +1-2(ViY)[es : eq]
—t-2(ViX)[er:es—1] +t- 2(Vi(XUY))[es:ex] +1- 2X(ViY)[ea +1:e4]

ELIMSUMOVERLAP
ny = —ny Solve(A,e; < e3 <eq < ep)

Arni-t-Yaleg:e)] +ny-t-Yales:e] > ni-t-Yaleg:es—1]+ng-t-Y aleg+1:e]

EXTRACTSUMOVERLAP
n=-ny  UxexDi(x) =UyeyArly) XNY#0
Arng-t-2(ViX)[e el +ng-t-X(ViY)[es : eq]
—npt- (VX =Y))[erex] +np-t- X(VI(Y =X))[es : e4]
+ny -t (VX NY))[er e +np-t- (VX NY))[es: ey]
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C Dafny: exclusive scan details

The second example refers to the properties of exclusive prefix sum: sum®° [ay,...,a,] =

[0, ai, a1+ ap, ..., a; + ...+ ap—1]. It can be implemented by shifting the elements of array
a right using map to obtain the array b = [0, ay,ds, ..., a,—1] and then applying an inclusive scan:
c=sumi"“b = [bl, b] +b2, e b1+...+bn] = [0, a, ar +as, ..., a; +...+an,1]

Dafny can prove that each element in c is a partial sum over b (via the three queries [a| > 0 =
b[0] =0,0 <i < |a| = b[i] =a[i-1],and 0 < i < |a| = c[i] = X;_, b[k]), but we could not
prove that they are partial sums over the original a array: 0 < i < |a| = c[i] = Z;;B alk].

D Evaluation
D.1 Segmented parallel operations
Normalization of flags” index function. The full definition of flags is given below. The poscondition
captures that the length of the output array is equal to the sum of the row sizes.
def sum (xs: []i64) : i64 =
let ys=scan (Ax y.x +y) 0 xs
in if |xs| > 0 then ys[|xs| — 1] else 0
def flags (s : i64[] | Range s 0..00) (xs: []i64 | Equiv |s| |xs|) : []i64 | Ays. Equiv |ys| (sum s) =
let rotated = map (Ai.if i == 0 then 0 else s[i — 1]) (0..|s])
let offsets = scan (Ax y. x + y) 0 rotated
let indices = map (Asize i. if size > 0 then i else — 1) s offsets
let n=if |s| > 0 then s[|s| — 1] + offsets[|s| — 1] else 0
let zeros = map (Ax.0) (0..n)
let f = scatter zeros indices xs in f

Upon reaching the scatter in flags, the environment I' includes the index functions
indices = A (iy : 0..|sizes|) . [s(i;) > 0] = ” 1(s(])) +[s(iy) €0 = —
n=A0 . [true] « 257 (s(),
zeros = A (i : 0 Lls’ml Y(s(j))) . [true] = 0.
Using SCATTER3, flags” index function is
A iy s 0.]s] X iz £ 0.0 (s(7) = 215N (s(7)) -
[iy=0As(i;) >0]=xs(iy) +[i2 #0Vs(i;) <0] = zeros(Z’1 1(s(])) + i),

The domain simplifies to iy : 0..|s| X i5 : 0..s(i;) via algebraic rewriting (refer to the algebra layer
section). The guarded expression simplifies as
(1) RewrITEBODY adds 0 < |sizes|, Range i; 0..|sizes|, 0 < s(i1), and Range i, 0..s(i1) to the
environment;’
(2) QUERYPRED simplifies s(i;) > 0 to true and s(i;) < 0 to false using the ranges added to the
environment;
(3) Sus replaces indexing into zeros with its guarded expression ([ true| * 0); and
(4) Boolean factoring eliminates conjunction with true and disjunction with false.

Yielding the following normalized form:
Ay :0.]s| Xiy:0..5(i1)) . [ia =0] = xs(iy) + [iz £ 0] = 0.

°If a dimension is empty, the guarded expression is irrelevant, hence each dimension is assumed non-empty.
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seg_ids. We trace how our system derives the index function for a complex segmented operation,
seg_ids, which takes an array of row sizes and expands it to an array in which the row number is
replicated according to the row sizes:

s
) seg_ids
[2,0,3,3] — [0,0,2,2,2,3,3,3]

Note that it handles the empty row. It has index function
A(iq:0.]s| Xip:0.s(iy)) . [true] = iy

Applying this index function to a valid index will give you the corresponding value for i;. This is
literally %;,.0..|s|xiy:0..5(;;) () expressed in the source program!

It’s implementaiton uses seg_scan, which scans each row in an irregular array independently. It
has index function (source functions zip and unzip are no-ops)

A (ig : 0..|flags]) . [ip = 0V flags(ip) | * xs(ip) + [io # 0 A = flags(ip) | * (O +xs(ip))

def seg_scan (flags: [n]bool) (xs: [n]i64) : [n]i64
unzip
(scan

A(fe. x) (fy ). (fx V f3,if f, then y else x + y))
(false, 0)

(zip flags xs))

def seg_ids (s : i64 | Range s 0..00) : []i64 | Az. Equiv |z| (sum s)
let x =map (Ai.i+1) (0..]s])
let f = make_flags s
let x = map (Ai.i > 0) f
let y =map (Ai.if i ==0 then 0 else i — 1) f
in seg_scan x y

We show how the index function for seg_ids is derived by our system. For brevity, we focus on

the function’s return whose derivation is the most complicated. The intermediate variables have
index functions:

F=A:0.]s| X iy :0.5(i1)) . [i3=0] % (ig + 1) + [iz £ 0] %0

x=A(1:0.s| Xiz:0.5(i1)) . [2=0]*1+[iy #0] =0

y=A(:0.|s| Xip:0.5(i1)) . [ =0] *i; + [i2 0] %0
Continuing to derive the function’s return (Fig. 1):

(1) Substituting the formal arguments for the actual arguments in seg_scan’s index function.

(2) Since x has size lezlg "(s(j)), PROPFLATTEN propagates the flattened domain from flagspoor,
expressing iy in terms of s, i; and i,. '

(3) SUBFLAT substitutes the first occurence of x(Z;‘:Bl (s(j)) +1ip) .

(4) Then using SOLVEIDX1 %;,0__|s| xiy:0..5(iy) (Z;}:_Ol (s(j))+iz) is simplified to i; because 231:—01 (s() <
Zj?:_ol(s( J) +ix < Z?:o (s(j)) is provable giyen the environment’s ranges. Consequently,

i — “i1:0..]s|xig:0..5 (i (Zl~1:1(3(j))+i )-1

the sums Z;lzol (s(j)) and —ijloo piz-sin 25 j=0 ’ (s(j)) cancel out.

(5) Using HoisT (in the context of guards, 1 and 0 are true and false, respectively).

(6) Under the environment induced by the domain and precondition on s (Range s 0..c0 and

Range i, 0..s(i1)), QUERYPRED falsifies iz # 0 A Z?:_Ol(s(j)) + iz = 0 in the second guard,
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Ao : 0..|x]) . [ig =0V x(ip) ] * y(io) + [ig # 0 A —x(ip) | * (O +y(ig))

o o S (s()) + iz = 0V x (U (s()) + i) |+ y(UIGN (s()) + i)
=A(i; : 0..|s] X iy : 0..s(i1)) . = 1 -1 1
[z o (s()) + iz # 0 A (D (s(J) + i) |+ (O +y (U (s())) + i2)
= A (i1 : 0..|s| X iy : 0..5(i1)) .
S + i =0
([(2“ H(s(7)) + i) - (s()) =01 %1

+ L5 G +i2) = {50 # 015 0) g2 (5() + i)
” L (s()) + iz # 0 A —'X(Z” 1(S(J)) +iz) ] % (O +y(Zl1 o (s()) +12))
[Z” 0 (5() +i2 =0V ([ia =0] %1+ [iz #0]%0)] * y(Z” o (s())) +iz)
[0 s () + iz # 0 A =x(2 13 (s()) +2) | # (O +y(Z” o (s(J) +i2))
liz =0 A XN (s()) +i2 =0V ip = 0 Atrue] = y(2 15 (s()) + i2)
[iz#0A 2‘“ 1(s(])) +i,=0Vip#0 /\false] * y()"1 1(s(])) + 12)
Liz =0 A I (s()) +i2 # 0 A =x (LTS (5()) +i2) | # (O +y (U35 (s())) + i2))
[iz#0A Z” 1(S(J)) +ipg #0A “X(Z” 1(3(1)) +iz) ] % (O +y(zll 1(S(J)) +i2))
[i2=0]= y(Z” o (5())) +i2)
[0 () + iz # 0 A =x(2 15 (s() +i2) | # (O +y (XI5 (s()) + i2))

. . . [ = 0]+ y (75" (s() + i2)
=A(i :0.. : 0. .
(120t £0.5(0)) {[lz £ 015 (O +y(25 (50 + )

=A(i;: 0..|s| Xip:0..5(i1)) . [i2 =0 x iy + [ig # 0]+ O
=A(i; : 0..|s| X iz : 0..s(i1)) . [true] = iy

Y 110 sl ig:0. s(,n(Z j=0 (S(J))+lz) 1

¢ 11 0..]s|xi2:0. s<11)(2 (S(J))+lz)
=A (i1 : 0..|s| X iy :0.s(iy)) . {
=A(i; : 0..|s] X iy : 0..s(i1)) .

=A (i1 : 0..s| X iz : 0..5(i1)) . {

Fig. 1. Rewriting seg_ids’s index function to a fixed point using the presented rules.

simplifying it to false Vi, # 0 Afalse (which is false and thus eliminated). Using JOINGUARDS,
and basic Boolean algebra the guards are simplified further.

(7) Using the same rules for the second occurence of x,

(8) Similarly for y.

(9) Using SEGRECREPLICATE.

D.2 seg_partition

The implementation is shown below. It uses the functions sum, flags, seg_ids and seg_scan defined
above.

def seg_partition (s : []i64 | Range s 0..00) (xs: []i64 | Equiv |xs| (sums)) (ps: []bool | Equiv |xs| |ps|)
: []f64 | Ays. For (k:0..|s|) Part ys xs (Ai. ps[i])
let a=map (Ai.i+1) (0..]s])
let f=flagssa
let ids = seg_ids s
let flagst = map (Ap.if p then 1 else 0) ps
let flagsp = map (At.1 —t) flagsr
let isy = seg_scan f flagsr
let tmp = seg_scan f flagsp
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let seg_ends=scan (Ax y.x+y) 0s

let Ist = map (Ani.if n =0 then — 1 else isp[i — 1]) s seg_ends

let isp = map (At i.t + Ist[i]) tmp ids

let offs = map (Ai.if i > 0 then seg_ends[i — 1] else 0) ids

let is = map (Ac it iF offset.if ¢ then offset + it — 1 else offset + ip — 1) ps ist isp offs
let zeros = map (Ax.0) xs

in scatter zeros is xs

seg_partition takes the data array x, its non-negative row sizes s, and a boolean array p denoting
the partition for each row. It returns a flat irregular array where each row has been partitioned
into two by p, as illustrated by the input-output pair below.

s=12,0,3,3]
r seg_partition o
x = [x1, X9, X3, X4, X5, X, X7, X3 | — [x2, X1, X5, X3, X4, X6, X8, X7]

p = [false, true, true, true, false, true, false, true]

Preconditions require that x’s length is equal to the sum of the row sizes s, and that x and p have
the same length. The postcondition asserts the partition property for each row:

T + For (k:0..|s]) Part z x (Ai. p[i])

and aliases
T + For (k : 0..s]) FiltPart z x (Ai. true) (Ai. p[i], Ai. =p[i])
which requires

For-FiLTPART-FLAT
T(y) =A(i1:0..|s| X ip : 0..5(i1)) . x(Z‘l(Z“ l(S(J ) +1i3))
fresh ji, jo, j3 ” 1(s(] )) + iy unifies Wlth Z 0 (s(]l)) + iy
I'+ Query (z" Hs(7) = 2L (5(00)) ~a Yes
T, Range k 0..|s| F 2520 (3 507 (true)) ~ 3K (s(1)

T+ For (k:0.]s|)
(InvFiltPart z (3520 (s())-- 25 Ly (sG))) (A (s 0.3 515 (s(7))) - true) (A (s 0. 257 (s(1)) - p A (s 0255 (s(7))) - =p)

T+ For (k:0..]s])

(FiltPart y x (A (i3 - 0.3 (s())) - true) (A (is : 0.5 (s(1)) - p. A (s - 0.3 (s()) - =p))

—Prop
(T, For (k : 0..|s|) (FiltPart y x (A (is : 0.3 (s())) - true) (A (is - 0. 211 (s(10)) - p. A (15 : 0. 55 (s(1))) - =p))), Yes)

where T’ includes Range s 0..c0 (in Trange), and predicates |x| = (Zﬁgl(s(j))) and |x| = |p| (in

1—‘Pred)-
This requires verifying the partition property over each row in the irregular representation. The

injectivity query shown in the main paper

Inj indices’ Y171 (s())-- 2y (s()))-
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spawns several queries, one of which lowers to

Auntrans = {x1 = p(xs(D)), x, = =p(xs(D)} min{0} < s < max{}
A= {x o fxh x o (n}) T S e
Agquiv = {x1[Xs[0: i1 = 1] +i2] & 1, ARange =4 min{0} < x, < max{1}
X[ X s[0:iy — 1] +ip] — 0, min{0} < i; < max{|s|}
X [2s[0: iy — 1] + i3] = 0, Eﬁ% < ;é > max{f}(zi)l}
X[ s[0: i — 1] + 1] > 1} < Iy < max{i; — 1}

ZS[OIi1—1]+ZX1[ZS[OZi1—1] 523[01i1—1]+i2—1]
SZS[OIi1—1]+i;+le[23[01i1—1]+l.§+1IZS[OZil]—l]

Solve returns Yes for this query using the same three-step method described in Appendix B.5.3.
Variables i3, i and x; are eliminated in succession (replaced using Arange), before arriving at a
trivial query.

D.3 max_match
The implementation of the relevant function is shown below. (The full program has been verified,

however.)

def filter_by (cs: []bool) (xs: []¢ | Equiv |es| |xs|)
:[]¢ | Ays.Filt ys xs (Ai.es[i])
Analogous to partition in the main document; uses scatter.

def get_smallest_pairs
(es: []i64 | Range es 0..|H|)
(idx : []i64 | Inj is (—0)..c0, Equiv |es| |is| )
(H : []ie4)
: ([1i64, [1i64) | A(es’,is”).Injes’ (—0)..00,Inj is" (—00)..c0
let cs = map (Ai j. H[i] = j) es idx
in (filter_by cs es, filter_by cs idx)

We verify that scatters are safe (use unique indices) in the maximal matching graph algorithm
from the Problem Based Benchmark Suite [2],!° that iteratively filters graph edges using scatters.

We show the most challenging kernel to verify here. It takes an array of edges, es, an array of
indices (edge numbers), idx, and a histogram that stores the smallest index for each edge, H. H is
used to filter the edges and indices, returning two new (smaller) arrays. We wish to verify that
the resulting arrays have unique values. Notably, the input es may have duplicates, but its filtered
output must not. We automatically verify this property using the injective property on idx.

The index function for the filtered es says that it is a permutation of es via an uninterpreted
function x (an out-of-scope variable for the permutation indices produced in filter_by) and that the
array’s size is equal to the number of values kept by the filter predicate.

es’ = A (i 0.5 (H(es(j)) = idx(j))) . es(x~(i))

J=0

1Using an existing implementation from the Futhark benchmarks found at https://github.com/diku-dk/futhark-benchmarks.
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From filter_by’s postcondition, es” has the property Filt es” es (A (i : 0..|es|) . H(es(j)) = idx(j)).
The verification of Inj es” (—c0)..co:
FiLTERINY
Triitpart (es”) = (es, A (i : 0..]es|) . H(es(i)) = idx(i), (A (i:0..|es|) . true, A (i : 0..|es|) . false))
T(es) =A(i:0..|es|) . [true] = es(i)
TrA@:0.]es|) . [H(es(i)) = idx(i)]| = es(i) + [H(es(i)) # idx(i)| = L ~ f
fresh x; T, x1 = f,H(es(i)) = idx(i)  Inj x; (=00)..00 —pop, (I, Yes)

Ik Inj es’ (=00)..00 —prop ((T, Inj es” (=00)..00), Yes)
The premise Inj x; (—0)..00 is verified via its proof obligation:
Vi,je0.|x.x1(i) e YAx1(i) =x1(j) > i=]
VVLjeO0.x].x1(i)) e YAxi(j) e YAi#j= x1(i) # x1())

where the first disjunct is successful.
Which after substitution and hoisting gives rise to four queries. One of the form

Vi, j € 0..|x;| . H(es(i)) = idx(i) A H(es(j)) = idx(i) Aes(i) =es(j) = i=]j

This is proven by first enriching the query with transitive equalities H(es(i)) = H(es(j)) and
is(i) = is(j) (both due to es(i) = es(j)). QUERYREWRITEINJEQ then rewrites this to the query of
the form (see Appendix B.4.4)

Vi, j € 0..|x;| . (H(es(j)) = idx(i) A H(es(j)) = idx(i) A es(i) = es(j)
A H(es(i)) =H(es(j)) ANis(i) =is()Ai=j)=i=]

using the injectivity of is which implies that i = j. This trivial query is finally lowered to an
algebraic expression which simplifies to 1 (true) after substituting in equivalences.

The other three queries are trivial because L appears in their antecedents (L A -+ = ...),
falsifiying the antecedent in each query.

D4 FFT
The implementation is shown below.

def loop_body (n : i64 | Range n 1..00) (o : []f32 | Equiv |o] 2™) (x: []f32 | Equiv |x| 2") (q :i64 | Range q 0..n) =
let iss1 = map (Ak.map (Aj. k * 29*! + j) 0..29) 0..2" 971
let iss2 = map (Ak.map (Aj. k + 29+! + j +29) 0..29) 0..2"" 97!
let vss1=
map (Ak.
map (Aj.lett=o[r«j]*x[k*L+j+L/2]
in x[k*L+j]+t)0..L/2)0..r
let vss2 =
map (Ak.
map (Aj.lett=o[r«jl«x[k=L+j+L/2]
in x[k*L+j]—1t)0..L/2)0..r
let is = concat (flatten iss1) (flatten iss2)
let vs = concat (flatten vss1) (flatten vss2)
let x” = scatter x is vs
in x’

def fft (n:i64 | Range n 1..00) (0 : []f32 | Equiv |o| 2") (x : []f32 | Equiv |x| 2") =
loop x” = x for ¢ < n do loop_body no x’ q
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D.5 k-means
The implementation of the key kernel is shown below.

def loop_body =
(cluster : []f32)
(indices : []i64 | Range indices 0..|cluster| )
(values : [ 132 | Equiv |indices| |values|)
(pointers : []i64 | Range pointers 0..|values| )
(row : i64 | Range row 0..(|pointers| — 1))
(j:i64 | Range j 0..pointers[row + 1] — pointers[row] )
132 =
let index_start = pointers[ row]
let element_value = values| index_start + j|
let column = indices| index_start + j|
let cluster_value = cluster| column]
let diff = element_value — 2 - cluster_value
let res = correction + diff - element_value

in res

def kmeans_ker
(cluster : []f32)
(indices : []i64 | Range indices 0..|cluster| )
(values : [132 | Equiv |indices| |values|)
(pointers : []i64 | Range pointers 0..|values| )
(row : i64 | Range row 0..(|pointers| — 1))
132 =

loop correction = 0 for j < pointers[row + 1] — pointers[row] do loop_body cluster indices values pointers row j
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